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Abstract 

In this paper we study the semi-stable reduction of p and p^-cychc covers of curves 
in equal characteristic p > 0. The main tool we use is the classical Artin-Schreier-Witt 
theory for p'^-cyclic covers in characteristic p. Although the results of this paper concern 
only the cases of degree p and p^-cyclic cover we develop the techniques and the framework 
in which the general cyclic case can be studied. 



0. Introduction. This paper is a further attempt to understand the degeneration of 
wildly ramified Galois covers of algebraic varieties. Let Rhe a complete discrete valuation 
ring with fraction field K and residue field k of characteristic p > 0. Let X be a smooth 
(or more generally semi-stable) i?-scheme and let / : y ^ X be a finite Galois cover with 
group G. The basic problem we are interested in is to understand the reduction of Y and 
in particular its semi-stable reduction if it exists (e.g. case of curves). The case where 
the cardinality of G is prime to p is by now classical and well understood (cf. [SGA-1], 
and [S-2] for the case of semi-stable curves). Although the case of higher dimensional 
semi-stable schemes is not available in the literature it can be developed using the ideas in 
[S-2] and higher dimensional formal patching techniques. The case where the cardinality 
of G is divisible by p is much less understood and presents more technical difficulties du to 
a phenomena of wild ramification that appears. Raynaud first attempted to understand 
this situation in [R] where a rather general "qualitative" result is proven in the case where 
G is a p-group, X is a proper and smooth curve, and / is etale above the generic fibre of 
X . Beside this the only case which is "explicitly" understood is the basic case where X is 
a curve, G is cyclic of order p, and the ring R has inequal characteristics (cf. [G-Ma], [H], 
[L], [Ma], [S], [S-1], [S-3]...). Though one also has some results in inequal characteristics in 
the special case where p strictly divides the cardinality of G (cf. [R-1] and [We]): this case 
is essencially a by-product of the above discussed cases. One of the main objectives of this 
work is to go beyond these basic cases. In this paper we study the case where G is a cyclic 
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p-group and R has equal characteristics. The above situation in equal characteristics p 
has been inexplored so far despite the important potential applications of such a theory 
(cf. explanations below). Though this case is in principle easier than the case of inequal 
characteritics, but still the two situations are well related, as it is known to experts (this is 
part of the philosophy that the Artin-Schreier-Witt theory can be viewed as a degeneration 
of the Kummer theory). Also the results in equal characteristics, beside their own interest, 
can shed some lights on the situation in inequal characteristics. Although the results stated 
in this paper concern only the cases of degree p and p^-cyclic cover we develop, pursueing 
the ideas and the set-up developed in [S], [S-1], [S-3], the techniques and the framework 
in which the general p"^-cyclic case can be studied. In what follows we review the content 
and results of this paper. 

In section I we recall the classical Artin-Schreier-Witt theory, which is the main tool 
we use in this paper, and which provides (generically) explicit equations for p"^-cyclic covers 
in characteristic p. In section II we consider the following situation: let X be a formal 
i?-schemc of finite type which is normal connected and fiat over R, with geometrically 
integral fibres, and let / : y ^ X be a p"-cyclic cover, with Y normal, which is an etale 
torsor on the generic fibre of X. We assume that the special fibre Yk of Y is reduced. We 
are interested in describing the map / and its special fibre fk ■ Yk ^ X^- One of our main 
results is the following: 

Theorem 2.2.1. Assume dcg(/) = p. Then the cover f : Y ^ X has the structure of 
a torsor under a Gnite and Sat R-group scheme of rank p over X. 

Moreover we give an explicit description of the group schemes which appear as the 
group of the torsor in this situation (cf. 2.1) and in particular we provide "integral" 
equations for the torsor / which also provide (by reduction) equations for its special fibre. 
Next we study the case of p^-cyclic covers. Our main result is theorem 2.4.3. One of the 
main consequences of 2.4.3 is that the analog of the above theorm doesn't hold: namely one 
can find (generic) examples of / as above of degree which doesn't have the structure of a 
torsor under a finite and fiat J?-group scheme of rank over X (cf. 2.4.5). Such examples 
were not known in the literature before. We are however able in 2.4.3 to find "integral" 
equations for / which provide by reduction equations for its special fibre fk '■ Yk ^ Xk- 
In other terms we explain how the Artin-Schreier-Witt equations of degree degenerate. 
The proof of 2.4.3 is rather involved and uses the technical lemma 2.4.2. Moreover we 
exhibit the cases as above where / has the structure of a torsor under a finite and flat 
i?-group scheme of rank p^ over X (cf. 2.4.3 and 2.4.4), in which case we explicit the group 
schemes which appear as groups of the torsor. These group schemes are basically obtained 
by "twisting" the Artin-Schreier-Witt theory (cf. 2.3 for more details). We are also able 
to associate some degeneration data to the cover / which determine explicitly the cover 
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fk (cf. 2.4.8). These degeneration data will play an important role in VI were we are 
able to reconstruct p^-cyclic covers of formal germs of i?-curves from the " degeneration 
data" . Finally we classify in II p and p^-cyclic covers above boundaries of formal germs of 
i?-curves depending on their reduction type (cf. 2.5.1 and 2.6.1). 

In section III we develop in equal characteristic p the technique of computation of 
vanishing cycles as initiated in [S-1] (cf. also [Ma-Y] in the tame case) and which is 
based on the technique of compactification of covers between formal germs of i?-curves (cf. 
3.2). Our main result is theorem 3.2.3 which gives an explicit formula which compares the 
dimensions of the spaces of vanishing cycles in a p-cyclic cover between formal germs of 
i?-curves and which depends on the degeneration type of the cover on the boundaries. This 
formula can easily be generalised to the case of p^-cyclic covers (cf. proposition 4.1.1). We 
also study examples of p and p^-cyclic covers above formal germs of semi-stable curves (i.e. 
above a smooth or a double point). Theses examples play an important role in the next 
sections V and VI. We are for example able to classify p and p^-cyclic covers f : y ^ X 
between formal germs of double points wich are etale above the generic fibre Xk of X (cf. 
3.3.9 and 4.2.11). 

In section V and VI we consider the following local situation: let / : 3^ — >^ A" be a 
cyclic cover of degree p or p^ above the formal germ X ~ Spf of an i?-curve at a 

smooth point. We study the semi-stable reduction of /. We are able to exhibit in 5.2.2 
and 6.2.1 "degeneration" data which completely determine the geometry of a semi-stable 
model of y . These data arc of geometric and combinatorial nature and leave over the 
residue field k of R (cf. 5.2.2 and 6.2.1 for more details). One of the main results of this 
paper is that we are able to reconstruct the cover / from these data. More precisely let 
Deg be the set of isomorphism classes of the degeneration data or rank p (resp. rank p^) 
as defined in 6.2.1 (resp. 5.2.2) and let L be the function field of the geometric fibre of X. 
Then we prove using the results in III and IV the following: 

Theorem. 5.2.4, Q.2i.3LetGheacycUcp-groupoforderp(resp. of order p^). Then 
there exists a canonical specialisation map Sp : i/g^(SpecL, G) — > Deg which is surjective. 

Although the above result is local the techniques and results we use in the proof of 
5.2.4 and 6.2.3 can be used to prove a global result of lifting for finite covers of degree p 
or between semi-stable curves (such a result is proven in [M] for p-covers). 

Finally let's mention some potential applications of this work. The results of this 
paper can be used in order to determine the semi-stable reduction of the Drinfeld modular 
curves and that of Galois covers of the projective line in characteristic p with Galois groups 
having a cyclic p-Sylow subgroup of order p or p^. These results also can be used in the 
study of automorphism groups of curves in positive characteritics. One of the motivations 
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of this work was also to explore the possibility of defining reasonable Hurwitz spaces for 
wildly ramified Galois covers of curves. It seems that the only case where such a definition 
is possible is the case of (Galois) covers of degree p: the right moduli problem to classify 
being torsors of rank p. Unfortunately our results show that when we degenerate Galois 
covers of degree higher than p then we loose in general the torsor structure, this makes it 
really difficult to imagine a reasonable definition of what the Hurwitz spaces should be in 
general. May be the right point of view to adopt here is to restrict simply to covers where 
one keeps the torsor structure. 

Although the results of this paper concern only the cyclic groups of order p and p^ 
they can be generalized, using the set-up and techniques we develop, to the general p^- 
cyclic case. I hope to come back to this question in the future. This work was done during 
my visit to the Max-Planck-Institut Fiir Mathematik in Bonn. I would like very much 
to thank the directors of the Institut for their invitation and for the wonderful working 
atmosphere. 

I. Artin-Schreier-Witt theory of p"-cyclic covers in characteristic p. 

1.1. In this section we review the Artin-Schreier-Witt theory (first developed in [W]) 
which provides explicit equations describing cyclic covers of degeree p'^ in characteristic p. 
We refer the reader to the modern treatment of the theory as in [D-G]. 

Let X be a scheme of characteristic p > and denote by the etale site on X. Let 
n > be an integer. We denote by Wn,x (or simply Wn if there is no confusion) the sheaf 
of Witt vectors of length n on Xgt (cf. [D-G], chapitre 5, 1). In the sequel any addition or 
substraction of Witt vectors will mean the addition and substraction in the sense of Witt 
theory. We denote by F the Frobenius endomorphism of W^^x which is locally defined by 
F.{xi, X2, Xn) — {xi, X2, xP), for a Witt vector {xi,X2, Xn) of length n, and by Id 
the identity automorphism of Wn,x- The following sequence is exact on Xet: 

(1) ^ iZ/p^Z)x ^ Wr,,X Wr,,X ^ 

where (Z/p"Z)x denotes the constant sheaf (Z/p"Z) on X^t and in is the natural monomor- 
phism which applies 1 G Z/p"^Z to 1 G Wn (cf [G-D], chapitre 5, 5.4). From the long 
cohomology exact sequence associated to (1) one deduces the following exact sequence: 

(2) Wn,x{X) Wn,x{X) ^ Hl,{X, Z/p-Z) ^ Hl,{X, Wr,) Hl,{X, Wn) 

Assume that X = Spec^ is affine in which case we have Hl^{Spec A,Wn) = and 
hence an isomorphism: iy4(Spec^, Z/p"Z) ~ Wn,A{A) / {F -Id) {Wn,AiA)). This isomor- 
phism has the following interpretation: to an etale Z/p'^Z-torsor / : y — > X = Spec^ 
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above X corresponds a Witt vector (ai, a2, a„) e W^^Ai-^) of length n which is uniquely 
determined modulo addition of elements of the form 62, 6n) — (^i) ^2, •••5 ^n)- More- 

over the equations F.{xi,X2i ■■■■,Xn) — (a^i, 3^2; a^n) = (^i, 02, a„), where the Xj are 
indeterminates, are equations for the torsor /. More precisely there is a canonical factori- 
sation of / as y = y„ ^n-i ••• ^1 ^ Yq := X where each Yi = Spec5j is 
affine and fi : Yi :— Spec Bi — * fi-i := Speci?i_i is the etale Z/pZ-torsor corresponding 
to the algebra extension -B^+i := Bi[xi\. In the general case (where H^^-{X, Wn) 7^ 0) the 
above equations provide local equations for an etale Z/p'^Z-torsor in characteristic p. 

1.2. Examples. In what follows X is a scheme of characteristic p. 

1.2.1. Z/pZ-Torsors. Let / : y ^ X be an etale Z/pZ-torsor. Then / is locally given 
by an equation — x = a where a is a regular function on X which is uniquely defined 
up to addition of elements of the form hP — h for some regular function h. 

1.2.2. Z/p^Z-Torsors. Let / : y ^ X be an etale Z/p^Z-torsor. Then we have a 
canonical factorisation of / as: Y =: Y2 Yi X where /2 and /i are etale Z/pZ- 
torsors. The torsor / is locally given by equations of the form: 

F.{xi,X2) - {xi,X2) := {x{ - xi,x^ - X2 - p~^ ^ lA^i'^i-XiV''') = («b 02) 

fc=i ^ ^ 

for some regular functions ai and 02 on X and the Witt vector (ai, 02) is uniquely deter- 
mined up to addition (in the Witt theory) of vectors of the form: 

(6?, - (K 62) (6? - 61, 6^ - 62 - p-' J2 it) (-^1)'"') 

Thus locally the torsor /i is defined by the equation: 

x\ — xi — ai 



and /2 by the equation: 

p-1 



xi-x2 = a2+p-' YI (^)^f (-^ir' 



Moreover if we replace the vector (ai, 02) by the vector (ai, 02) + (6^\ 62) ~ (^i; ^2) the 
above equations are replaced by: 

Xi — xi = ai + bi — bi 
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and: 



respectively. 

II. Degeneration of p and p^-cyclic covers in equal characteristic 
p>0. 

In all this paragraph we use the following notations: i? is a complete discrete valuation 
ring of equal characteristic p > with perfect residue field k and fraction field K -.= ¥1 R. 
We denote by tt a uniformising parameter of R. 

2.1. The group schemes Mn (cf. also [M], 3.2). Let n > be an integer and let 
'^a,R = Spec R[X] be the additive group scheme over R. The map: 

given by: 

is an isogeny of group schemes. The kernel of (j)n is denoted by M.n,R '■= -Mn- We have 
Mn Spec R[X]/{XP - tt^p-^'^^'X) and Mn is a finite and flat i?-group scheme of rank 
p. Further the following sequence is exact in the fppf topology: 

(3) O^Mn^Ga,R-^Ga,R^O 

If n = then the sequence (3) is the Artin-Schreir sequence which is exact in the etale 
topology and Mq is the etale constant group scheme {Z/pZ)ji. If n > the sequence (3) 
has a generic fibre which is isomorphic to the etale Artin-Schreier sequence and a special 
fibre isomorphic to the radicial exact sequence: 

(4) O^ap^ Ga,k — ^ <Ga,fe 

Thus if n > the group scheme Mn has a generic fibre which is etale isomorphic to 
{Z/pZ)k and its special fibre is isomorphic to the infinitesimal group scheme ap^k- Let X 
be an i?-scheme. The sequence (3) induces a long cohomology exact sequence: 
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(5) GaAX) ^ Ga,R{X) - Hl^^,{X, Mn) ^ i^f^l^, Ga,R) ^ i^/ppf (X, G,,fl) 

The cohomology group H}^^^{X, Mn) classifies the isomorphism classes of fppf-torsors 
with group M.n above X. The above sequence allows the following description of M.n- 
torsors: locally a torsor / : y — > X under the group scheme M.n is given by an equation 
— TT^^^^^^T = a where T is an indeterminate and a is a regular function on X which 
is uniquely defined up to addition of elements of the form W — 7r^^~^^"6 for some regular 
function h. In particular if Hl^^^{X^Qa,R) = (e.g. if X is affine) then an Aln-torsor 
above X is globally defined by an equation as above. 

2.2. Degeneration of etale Z/pZ-torsors. In what follows let X be a formal 
i?-scheme of finite type which is normal connected and flat over R. Let Xk '■= X XrK 
(resp. Xfc := X Xjik) he the generic (resp. special) fibre of X. By generic fibre of X we 
mean the associated K-rigid space (cf . [B-L] ) . We assume further that the special fibre X^ 
is integral. Let 77 be the generic point of the special fibre and let be the local ring 
at ?7 which is a discrete valuation ring with fraction field K{X): the function field of X. 
Let fK '■ Yk Xk be a non trivial etale Z/pZ-torsor with Yk geometrically connected 
and let K{X) — > L be the corresponding extension of function fields. The main result of 
this section is the following: 

2.2.1. Theorem. Assume that the ramification index above Orj in the extension 
K{X) — > L equals 1. Then the torsor fx '■ Yk — > Xk extends to a torsor f : Y ^ X 
under a Gnite and Sat R-group scheme of rank p with Y normal. Let S be the degree of 
the different above r] in the extension K{X) — > L. Then the following cases occur: 

a) S = in which case f is an etale torsor under the group scheme A4o and fk - Yk ^ 
Xk is then an etale "L/plj-torsor. 

b) 5 > in which case S = n{p — l) for a certain integer n> 1 and f is a torsor under 
the group scheme A4n- Further fk'-Yk^ ^k is in this case a radicial torsor under the 
k-group scheme a^. 

Note that starting from a torsor fx '■ Yk — > Xk as in 2.2.1 the condition that the 
ramification index above equals 1 is always satisfied after eventually a finite extension 
of i? (cf. e.g. [E]). 

Proof. We denote by v the discrete valuation of K{X) corresponding to the valuation 
ring Or] which is normalised by v{7r) = 1 (note that tt is a uniformiser of C^). We first 
start with the special case where /^^^(Xx, Go.k) = 0. In this case the torsor /k is given 
by an Artin-Schreier equation of the form T^ — T = qk where qk is a regular function 
on Xk and we have qk = TT^a where m e Z is an integer and a is a regular function on 



7 



X (i.e. a function with v{a) = 0). First note that necessarily m < for if m > then 
aK = bP-b where b = a7r^ + (a7r"^)^'+(a7r^)f' + ... + (a7r^)^'* + .. (since Xk is complete for 
the TT-adic topology the above expression converges) and this contradicts the fact that 
is a non trivial torsor. If m = then the equation T'^ — T — a defines an etale Z/pZ-torsor 
f : Y ^ X above X which coincides with /k on the generic fibre and we are in the case 
a). In this case the etale torsor fk '■ Yk ^ Xk is given by the Artin-Schreier equation 
TP — T = a where a is the image of a modulo n. Next wc treat the case where m < 0. 
In this case —m = np is necessarily divisible by p for otherwise the extension K{X) L 
is totally ramified above On- Assume now first that the image a of a modulo tt via the 
canonical map r{X, 0{X)) r{X, 0{X))/7Tr{X, 0{X)) is not a p-power. Consider the 
cover f :Y ^ X given by the equation — Then / is an fppf-torsor under 

the group scheme Adn which coicides with fx on the generic fibre (consider the change 
of variables T := T/tt"') and its special fibre fk'-Yk^ is the ctp-torsor given by the 
equation = a. 

In the case where a is a p-power then two cases can occur. First: a is a p*-power 
for every integer s which implies necessarily that a & k. In this case, and after some 
modifications which do not change the torsor f^-, we reduce to an equation of the above 
form and where a doesn't belong to k. To explain this assume for simplicity that n — 1. 
Then a = a'^ + ir'^b where b E A and a' e R. Thus the equation defining fx is — T = 
a'P/wP + TT'^b/'KP which after some modification can be written as — T = a' j'w-V 'K^-bj'wP 
and this equation ramifies above tt which is not the case by assumption. This leads to the 
second case: there exists a positive integer r such that a is ap'' power but not ap^"*"^ power. 
We assume for simplicity that r = 1 (the general case r > 1 is treated in a similar way). 
Let a = 6^ so that a = bP + 7rb where b and b are functions on Xk and 6 is a function which 
reduces to b modulo tt. Our equation is then of the form = {h / -k'^Y / tt'^p'^~^^ and 

after adding ib/n'^) — {b/ix'^Y to the right hand side, which doesn't change the torsor Jk, 
we get the equation — T = {b/rc'^) + ^/tt*-^"'"^-' which can also be written in the form 
TP — T = {b/n^) + b' /n"^ where b' is a function with v{b') = and n' < pn — 1. If n > n' 
then n = ps is necessarily divisible by p and the equation TP — Tv^(p~^'>f = b + tt"'""' b' 
defines a torsor f : Y ^ X under the group scheme Aig which coincides with on the 
generic fibre and its special fibre fk '■ Yk ^ Xk is the a^-torsor given by the equation 
tP = b. In the case where n' > n then n' = s'p is necessarily divisible by p. In this case 
if b' (resp. b' + b in case n' = n) is not a p power (where b and b' denote the reduction 
of b resp. b' modulo tt) then the equation TP — tt^'^p-'^^T = 7r'^'~'^b + b' defines a torsor 
/ : y — > X under the group scheme Ms', which coincides with fx on the generic fibre, 
and its special fibre fk'-Yk^ ^k is the ctp-torsor given by the equation tP = b' (resp. 
tP = b' + b in case n = n'). Otherwise if b' (or V + b in case n = n') is a p-power then we 
repeat the same procedure as above and since n and n' decrease at each step this process 
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must stop at some step and we end up with an equation of the form — 7r'^(P~'^)T = b 
where 6 is a function whose reduction modufo tt is not a p-power, for some positive integer 
r. Hence the required result. 

The argument in the general case is similar to the one used in [S] proof of 2.4. More 
precisely in general there exists an open covering {Ui)i of X and regular functions e 
r{Ui^Kj Ox) (where Ui^K '■= Ui Xj^K) which are defined up to addition of functions of the 
form h\ — hi and such that the torsor Jk is defined by the equation T[ —Ti — ai above Ui^K- 
Now the above discussion shows that after some modifications (of the type used above) 
the torsor Jk can be defined above each open Ui^K by an equation Ti — rc'^i(p~^')T = ai 
for some uniquely detemined integer > such that in case > the image of aj 
modulo TT is not a p-power and such that the degree of the different 5i above the generic 
point rj of Ui^k '■= UiX^k equals ni{p — 1). From this we deduce that all rij =: n are equal. 
Then the Aln-torsor / : y — > X given locally by the equation Tj — above 
the open Ui coincides on the generic fibre with the torsor fx- 

2.2.2. It follows from 2.2.1 that an ctalc Z/pZ-torsor above the generic fibre of X 
induces canonically a degeneration data which is a torsor above the special fibre X^ of X 
under a finite and flat /c-group scheme which is either etale or of type ctp. Reciprocally we 
have the following result of lifting of such a degeneration data. 

2.2.3. Proposition. Assume that X is affine. Let fk '-Yk ^ be a torsor under a 
finite and Bat k-group scheme which is etale (resp. of type ap). Then fk can be lifted to 
a torsor f : Y ^ X under a finite and fiat R-group scheme of rank p which is etale (resp. 
isomorphic to A4n where n > 0). 

Proof. Since X is affine the torsor fk is given by an equation — x = a where a is a 
regular function on Xk (resp. an equation = a where a is a regular function on Xk). 
Let a be a regular function on X which reduces to o modulo tt. The equation X^ — X = a 
(resp. XP - n'^^P-^^X = a where n > is an integer) defines a cover f : Y ^ X above 
X which has the structure of a torsor under the etale group scheme (Z/pZ)^^ (resp. under 
the group scheme A^n) and which clearly induces the torsor fk on the special fibre Xk- 

2.2.4. Remark. If X is no more affine one can find examples, where X is actually a 
proper and smooth i?-curve, of an a^-torsor above the special fibre Xk of X which can not 
be lifted to a torsor above X under a finite and flat i?-group scheme of rank p which is 
etale above the generic flbre of X. If Xk is a proper and smooth curve over k such a lifting 
is however possible after eventually replacing X by another i2-curve X' with special flbre 
Xk- 

2.3. The group schemes W^^^^^j. Let mi and m2 be two positive integers such 
that 777-2 — P"7i > 0. We deflne the twisted R-Witt group scheme Wmi,m2 of length two as 
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follows: scheme theoretically Wmi,m2 — '^a R group law is defined by: 

The generic fibre {Wmi,m2)K of Wmi,m2 isomorphic to the Witt group scheme W2,k 
via the map: 

(W^mi.ma)^ ^ W2,K 
{xuX2)^{xi/tT^\X2/tT^') 

and its special fibre iWmi,m2)k is isomorphic either to the Witt group scheme W2,k if 
777-2 —pnii = 0, or to the group scheme ^ otherwise. Note finally that we have an exact 
sequence: 

where F : — > Wmi,m2 is the vershiebung homomorphism defined by V{x) = {0,x) and 
R '• Wmi,m2 ~^ is the projection R{xi, X2) = xi. 

2.3.1. The group schemes HmuTnz- We use the same notations as in 2.3. The 

following maps Imi,m2 s-nd F are group scheme homomorphisms: 

{xi,X2) ^ {jt'^'^P-^^XuTT^^^P-^^X2) 

and: 

F '• ^^m\,m2 ^ ^^pm\,pm2 

{xi,X2) ix{,X2) 

Consider the following isogeny: 
which is given by: 

p-i 



ixi,X2) ^ ixl-7r'^'^P-^^Xi,xl-7T'^^^P-^^X2-p-^J2(^^'^^^^ 



) 



We define the group scheme 'Hmi,m2 to be the kernel of the above isogeny. Thus we 
have an exact sequence: 



(6) > T~(-m\,m2 ^ ^^mi,m2 ^ ^^pmi,pm2 ^ ^ 
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and 7Ymi,m2 is a finite and flat commutative i?-group scheme of rank . Further we have 
the foUowing commutative diagram: 







M 



1712 







n 



mi,m2 



V'mj ,m.2 











mi,m2 
R 



pmi,pm2 
R 













The group scheme 'Hmi,m2 is then an extension of the group scheme M.mi by M.m2 ■ Its 
generic fibre {'Hmi,m2)K is isomorphic to the etale constant group Z/p^Z and its special 
fibre {'Hmi,m2)k is either the group scheme which is an extension of Z/pZ by ctp if 
mi = and m2 > (such an extension is necessarily split), or the group scheme which 
is an extension of ap by ap if mi > 0. We have the following exact sequences: 

(7) ^ i?. ^ Gl, i^i^^ Gi, ^ 



and: 



(8) - - , Gl, 



Let X be an i?-scheme. The sequence (6) induces a long cohomology exact sequence 



(9): W^,,^,{X) 



pmi ,pm2 



{X) HL JX,Hmi,m2) HLpf{X,Wmi,m2) 



-^fppf ("^' ^pmi ,pm2 ) • 

The cohomology group H^^^^{X ,TCmi,m2) classifies the isomorphism classes of fppf- 
torsors with group 'Hm^,m2 above X. The above exact sequence allows the following de- 
scription of Ti^^^mj-torsors: locally a torsor / : F — > X under the group scheme Hmi,m2 
is given by the equations: 

-7r"^i(p-i)Ti = ai 



and: 



T| - tt'^^(p-^)T2 = a2+ p-^ \^^yP'^^-'^'^P''+P-''^Tf{-Ti] 
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where Ti and T2 are indeterminates and ai, 02 are regular functions on X. Its special fibre 
is either the i?fe-torsor given by the equations: 

— ti — ai 

and: 

^2 = ^2 

if mi = 0, or the G^-torsor given by the equations: 

tl = ai 

and: 

= 0,2 

otherwise. In particular if H^^^^{X,Ga,R) = (e.g. if X is affine) then an ?imi,m2"torsor 
above X is globally defined by an equation as above. 

2.4. Degeneration of etale Z/p^Z-torsors. Our aim in this section is to describe 
explicitely the degeneration of etale Z/p^Z-torsors. In what follows we use the same 
notations as in 2.2. Let fx '■ Yk — > Xk be a non trivial Z/p^Z-torsor. Let K{X) — > L be 
the cyclic p^-extension of function fields corresponding to the torsor fx which canonically 
factorises as K(X) ^ Li ^ L2 := L where K{X) ^ Li is a cyclic p-extension. We assume 
that the ramification index above the generic point 77 of Xk in the extension K(X) — ^ L 

f2 K fl K 

equals 1. There exists a canonical factorisation Yk — 1^2, k — ^ — ^ ^i.K — — ^ of Jk 
where fi^K is a Z/pZ-torsor for i G {1,2}. Moreover by 2.2.1 the torsor f2,K (resp. /i.k) 
extends to a torsor /2 : — ^ ^1 (resp. /i : Yi ^ X) under a finite and fiat i?-group 
scheme of rank p and the composite / := /i o /2 is a finite and fiat cover which coincides 
on the generic fibre with fx- We assume that the special fibre Y2,k of I2 is irreducible. 
In particular above the generic point r] there exists a unique generic point ryi in Yi which 
lies above r]. We denote by 5 (resp. 5i and ^2) the degree of different in the extension L 
above the point -q (resp. the degree of different in the extension Li above the point r] and 
that of the different in the extension L2 above the point r]i). Note that 5 = 5i + 52- 

2.4.1. Wc start with the following technical lemma 2.4.2 which will be used later on. In 
what follows we assume that X — Spec A is affine and that /i : Yi := SpccS ^ X is 
a torsor under the group scheme M.n for some integer n > 0. Thus /i is given by an 
equation — tt'^^p-'^^T = v where v e A is such that its image v e A := A/ttA is not a 
7?-power. In particular the special fibre /i : Yi^k = Spec 5 — > Xk = Spec^ of the torsor / 
(here B := B/ttB and A := A/ttA) is the a^-torsor given by the equation = v and B is 
a free ^-algebra with basis {1, t, t^, t^"-*^}. We need to characterize elements of A which 
become p-powers modulo tt in S but are not necessarily p-powers modulo tt in A. 



12 



2.4.2. Lemma. Let u e A. Assume that the image u of u is a p-power in B. Then 
u = f{v) + TTu' where u' E A and f{v) belongs to the additive subgroup Ay := A^ ® 
AP.v © .... ® AP.yP-'^ of A. Moreover let f{v) := + a^v + ... + a^_ivP-^ e Ay and let 
m be an integer. Consider the element g := f{v)7r~P"^ G Ak- Then g = (a^ + (T^ — 
^n(p-i)j.) + ... + al_^{TP - T^n{p-i)ri.^p-i^-pm ^f^^^. addition of elements of 

Bk of the form V — h one can transform g in g := 7r~'^(ao + aiT + ... + ap_iT^~^) + 
^-{pn^-n{p-i))^_j2P-ij^Pjpp{j-i)rip^^^-{prn-2n{p-i))i^^rip^ „tereh{T) G B. Moreover 

the image of - E^Zj ja^-TP^^-^^T = -af T - 2a^TP+i - ... - {p - l)a^_iTP(f-2)+i in B is 
not a p-power. 

Proof. Wehave B = A® A.t® ...®A.tP~'^, hence = A^®A^.v®...®A.vP~^ and the 
first assertion of the lemma foUows. Now let g := {oq + a^v + ... + dp^i 

^p-l^^-pm ^ 5^ 

then since Tp - n'^^P-^^T = v in Bk we can write g = 7r-P"^« + (T^ - ti^(p-^)t) + 
... + al_^{TP - T^'^ip-^)T)P-^ in Bk- After developing the terms (T^ - T:<P-^)Ty for j G 
{1, p — 1} according to the binomial expansion and puting together the terms with the same 
power of TT we get that g = 7r-P"^(a^ + afT^ + ... + a^.^T^^P-i)) + 7r-(P'^-"(p-i)) (-a?T - 
2afTP+i-...-(p-l)a^_iTP(p-2)+i)+7r-(P"*-2n(p-i));^(^j^) ^Yy^^^ h{T) G B. Finally after 

adding (ao + aiT + ... + ap_iT^'-i)/7r^ - (ag + a^T^ + ... + al_{rP^P-^^) / t^p"^ we get the 
desired expression for g. 

The next theorem is the main result of this section. It describes locally and explicitely 
the degeneration of etale Z/p^Z-torsors. Although we loose the structure of torsors in this 
case of cyclic covers of degree (cf. Proposition 2.4.5) we arc able to find "canonical 
integral equations" which describe the reduction of p^-cyclic covers in equal characteristic 
p. 

2.4.3. Theorem. We use the same notations as in 2.4. Assume that X = Spec^ is 
afRne. Then the torsor /k can be described by an equation of the form: 

{TP, TP) - {T„T2) = (7r"^^ai,7r"^^a2) 

where ai and 02 are regular functions on Xk with v{ai) — f (02) = 0, mi < 0, m2 is an 
integer, with the following cases which occur: 

a) mi = and m,2 > 0. In this case f is an etale Z/p'^Z-torsor above X given by the 
equation: 

(rf,T|)-(Ti,T2) = (ai,7r"^^a2) 
Its special fibre fk'-Yk ^ is the etale 'L/p^'L-torsor given by the equation: 

(t?,t^)-(ti,t2) = (ai,7r-2a2) 
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and S = 5i = S2 = 0- 

b) mi — 0, 1712 = —pm'2 < 0, and a2 is not a p-power modulo n. In this case f is a 
torsor under the R-group scheme VFo,m^ given by the equations: 

Tf-T^=a, 

and 

fP - 7r^2(p-i)f2 = as + Yl [IjTti-Tif-'' 

fc=i ^ ^ 

Its special fibre is the torsor under the k-group scheme (Wo,m^)fe — given by the 
equations: — ti = ai, and t2 = 0,2, where ai (resp. 0,2) is the image of ai (resp. of a2) 
modulo TT. In this case 5i = and 5 = 82 = m2{p — 1). 

c) mi = —pm'i < and the image ai of ai modulo tt is not a p-power. In this case fi 
is an M^'^-torsor given by the equation: 

Tf -7r™i(P-^)Ti = ai 

and its special fibre fi^k '■ Yi,k Xk is the ap-torsor given by the equation = ai. We 
have 61 — m'i{p — 1). For /s one has the following cases: 

c-1) m,'i{p{p — 1) + 1) > — m2 (resp. m,[{p{p — 1) + 1) = — msj In this case m'l = pm'/ 
is necessarily divisible bypandifrhi := m'/ 1) + 1) then f 2 is a torsor under M.mi,R 
given by the equation: 

p-1 / \ ^ 

fP _ Tj-'rni{p-l)f^ — ^mip+ma^^ + p~^ ^ ^ jj^pk ^_f^y-k^m[({p{p-l) + l)-pk-p+k) 

Its special fibre is the ap-torsor given by the equation: — ^^^^ (resp. the equation: 

iP^-tP^P-'^+'+a2). 

Otherwise — m2 > m'i(p(p — 1) + 1) in which case —m2 = pm'2 is necessarily divisible 
by p and we have the following description for tt'^^os.' 

7r"^2a2 = /i(ai)/7r^""2 + /2(ai)/7rP"^2-ii + ... + /^(ai)/7r^'""2-*i — -tr-i + g |^pm'^-t^-...-tr 

where fi{ai) belongs to the subgroup Aa-^ of A (cf. 2.4.2), g E A, and the ti are positive 
integers (note that g and the fi can be Oj. Moreover the torsor f2^K is given by the 
equation: - T2 = /i(ai)/7rf^2 + /2(ai)/7rf^2-*i + ... + /^(ai)/7rf"*2-*i— 

+g/T^pm'^-ti—-U + p-1 ^P-J (P^fPk(^_f^y-k^-m[{pk+p-k)_ 
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And the following distinct cases occur: 

c-2) — {j> — l)m'i > sup(m'i(p(p — 1) + l),pm2 — ti — ••• — tr) (rcsp. pm'2 — {p — 
l)m'i = m'i{p{p — 1) + 1) > pm2 — ti — ... — tr). In this case pm'2 — m'i{p — 1) = mi^p 
is divisible by p and 62 = m'-^ip — 1). Let /i(ai) := Cg + c^ai + ... + Cp_iai~^ . Then 
f2 is a torsor under M.^'^ and its special Gbre is the ap-torsor given by the equation: 
tl = -clii - 2c^F+^ - ... - {p- l)c^_ (resp. the equation: = -cfti - 
2c^t\'^^ — ... — ip — l)c^_i^i'"^ '^^'^^ — ^^^^"j where Ci is the image of Ci modulo n. 

c-3) pm2—ti — ...—tr > swp(pm2 — {p—l)'rni,rn'i(p{p—l) + l)) (resp. pm'2 — {p—l)m'i 
pin') — tl — ... — tr > 'rn'i{p(p — 1) + 1)) and the image of g modulo tt is not a p-power in 
0{Yi,k)- In this case pm2 — ti — ... —tr= pm2 is divisible by p, 82 = m'-^ip — 1), and f2 is 
an M.m"-iorsor. Its special Gbre is the ap-torsor given by the equation: t\ = g (resp. the 
equation: = -c?ti - 2c^t?+^ - ... - {p - + g). 

c-4) m'i{p{p—l) + l) > sup{pm2—ti — ...—tr,p'm2 — {p—l)m'i) (resp. pm'2—ti — ...—tr — 
m'i{p(j) — 1) + 1) > pm2 — ip — l)m'^) In this case m'^ — pm'l and if fhi :— m'l{p{p — 1) + 1) 
then f2 is a torsor under A4mi,R- Its special £bre is the ap-torsor given by the equation: 
il = (resp. the equatiom ff = + g). 

c-5) pm2—ti — ...—tr = 'm'i{p{p—l) + l) = pm2 — {p—l)m'i. In this case m'l = pm'l and 
ifrhi := m'l{p{p— 1) + 1) then f2 is a torsor under Aimi,R- Its special Gbre is the ap-torsor 
given by the equatiom il = -cfti - 2c^tf+' - ... - {p - l)c^_iti:^^-'^+' - t^^^^-i^+i + g. 

In all the above cases if fi (resp. /2J is a torsor under the group scheme /Ami f^esp. 
Mm2) then necessarily 7x12 > mi{p{p — 1) + Moreover in all the cases c-2, c-3, c-4, 

and c-5 above the functions ci, ci,..., Cp-i (resp. g) are uniquely determined (resp. is 
uniquely determined up to addition of hP where h is a regular function on Xj.). In the 
case c-1 the function 0,2 is uniquely determined up to addition of hP where b is a regular 
function on X^. 

Proof. The torsor fx is given by the Artin-Schreier-Witt theory by an equation of the 
form (Tf,T2) — (Ti,T2) = (ai,a2) where di and 0.2 are regular functions on Xk- We 
can write ai = 7r"^^ai (resp. (12 — Ti'^'^a2) with v{ai) — f (02) = and it foUows from 
2.2.1 that we have necessarily rni < 0. If mi = and m,2 > we are in case a) and the 
assertion there is clear. Assume that mi = and m2 < 0. Then it follows from 2.2.1 that 
m2 = —pm'2 is necessarily divisible by p and after eventually some modifications (as in the 
proof of 2.2.1) we may assume that 02 is not a p-power modulo tt (here one uses the fact 
that a regular function tt on X which is not a p-power modulo tt in can not become a 
p-power in Yi^^ since fi^k is an etale torsor hence not radicial). Then / is defined by the 
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equations: 
and 

k=l ^ ^ 

where T2 ■— t:^'^T2. The rest of the assertion in case b) follows then easily. Assume 
now that mi < 0. Then the assertion concerning /i follows from 2.2.1. Assume first 
that 7712 > 0. The assertion concerning /2 follows then easily after adapting the equation 
defining the torsor /2,k to the change of variables Ti = Ti/yr"^! and we are in the case 
c-1). In this case m'l — pm'l is divisible by p and the cover / is given by the equations: 

= ai 

and 

where fhi :— m'l{p{p — 1) + 1). From which we deduce that its special fibre is given by the 
equations: i\ — ai and — —i^^ ^^'^^ where ^2 (resp. ii) is the image of T2 (resp. image 
of Ti) modulo TT. 

So lastly we assume that m2 < 0. Then f2,K is given by the equation: 

p-i / \ ^ 

The highest power of tt in the denominators of the summands in: 

p-i 



is m[{p{p — 1) + 1) and in order to understand the reduction of the torsor /2 we have to 
compare this to m2. Assume first that m[{p{p — l) + 1) > —1712- Then it follows from 2.2.1 
that m'l = rriip must be divisible by p. Let mi := m'l{p{p — 1) + 1). Then we are in case 
c-1) and /2 is a torsor under the group scheme Airhi,R defined by the equation: 
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Its special fibre is the CKp-torsor given by the equation: = —^^^ Assume next that 

m'i{p{p — 1) + 1) < —1712 (the case where m[{p{p — 1) + 1) = — m2 is easily treated and 
is left to the reader). Then it follows from 2.2.1 that m2 = —pm'2 is divisible by p and 
two cases occur depending on whether or not the image 0,2 of 02 modulo tt is or is not a p 
power in 0{Yi^}.). If 0,2 is not a p power in 0(Yi^]f) then /2 is a torsor under M-m'^^R given 
by the equation: 

J* _ 7r'^2^P~^^T'2 =a2+P~^^ ^\^P-m'2-'mi{pk+p-k)j,pki^_rp^Y-k 

Its special fibre is the ctp-torsor given by the equation = d2 and we are in the case 
c-3). Assume that 02 is a p power in 0{Yi_k)- Then either 02 is already a p-power 
in 0{Xk) in which case we can transform, using the kind of transformations used in 
the proof of 2.2.1, the term 7r"^^a2 into 77^^0,2 where > 1712 > m2 and 0,2 G A. Or 
a2 is not a p-power in 0{Xi) but becomes a p-power m. OiYi jS). In the later case it 
follows from 2.4.2 that a2 = + t^^^Qi where /i(ai) := Cq + cfai + ... + 

belongs to the subgroup Aa-^ of A^ ti > 0, and gi e A. Moreover the term 7r'^^a2 = 
/i(ai)/7rP"^2+^/7rf"^2-ti can be transformed to /i(Ti)/7rP"^2-"*i(P-i) +£fi/7r^'^2-*i ^^ere 
the image /i(Ti) := -c?ti -2c^f?+^ - ... - (p- l)^_itl'^^"^)+^ of /i(Ti) modulo tt is not a 
p-power (cf. loc. cit.). At this point we can repeat the same argument as above. Namely 
if in the first case the image 0,2 of a modulo tt is not a p-power in C(Fi^fc) then we conclude 
as above that we are either in case c-3) if m2 > m'i{p{p — 1) + 1) in which case m2 = 
and /2 is a torsor under M.rn",R whose special fibre is the Q!p-torosr given by the equation 



tn — (12 ■ Otherwise we repeat the same process as above. And in the second case if 



"2 '■' 

^2 — (i2- Otherwise we rep 

— {p — l)m'i > sup(pm2 — ti,m'i{p{p — 1) + 1)) then pm2 — {p — l)m'i =: pm2 is 
divisible by p and /2 is a torsor under the group scheme M-m'^^R defined by the equation: 

J* _ 7r"^2 (P-I) J!^ = /i(Ti) + 7r^""2 -P"^2+*i^-^ +p~^ ^ / ^ j7^P"i2-(p'=+P-'=)"ii J'P'=(^_J'-j^)P-fc 

■P — 7iP+, OTiP+P+l 



Its special fibre is the a^-torsor given by the equation: ^ = —c\ti — '2.C2t\ — ... — (p — 
and we are in the case c-2). If m[{p{p — 1) + 1) > sup(pm2 — ti,pm2 — 
{p — l)m'i) then m[{p{p — 1) + 1) is divisible by p, f2 is a torsor under the group scheme 
■M{m[(p(p-i)+i))/p,Rj its special fibre is the ctp-torsor given by the equation: 
^2 = —i^^^ and we are in the case c-4). If pm2 — ti > sup(m']^(p(p — 1) + l),pm2 — 
{p — l)'m'i) and the image gi of 511 in 0(Yi^k) is not a p-power then pm2 — ti =: pm2 is 
divisible by p, f2 is a torsor under the group scheme M-m'^^R defined by the equation: 

p-i / \ 

fP _ 7r<(P-l)T2 = n^'fliTi) +gi+ p'^ ^ lP Yprn'i-{pk+p-k)ra,fpk^_f^y-k 

k=l ^ ^ 
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where m2 := — pm'2 — (p — l)"7-'i, and its special fibre is the ctp-torsor given by the 
equation: t2 = gi and we are in the case c-3). Now in the general case we repeat the same 
argument as above if in the first case the image 02 of 02 modulo tt is a p-power or if in the 
second case —ti> su.p{m'i{p{p — 1) + l),pm2 — {p — and the image gi of gi in 

0{Yi^k) is a p-power. As the exponent of tt in the denominators in the equation defining 
f2,K decreases at each step we conclude that this process must stop after finitely many 
steps and we end up with an equation as claimed in the statement c) and the rest of the 
conclusion follows then easily. 

2.4.4. Remark. Assume that we are in the case c-3) of 2.4.3 and that ti = ... = tr = 

and fi = ... = fr = 0. Then / is a torsor under the i?-group scheme Hm[,m'^ given by the 
equations: 

ff -7r™'i(P-^)Ti = ai 

and: 

_ 7r™2(P-l) ^g+p-^'^ IP\fP'^(^_J'^Y-k^pm'^-pk-p+k 

k=l 

Its special fibre is the {'Hm[,m0k — -fffc-torsor given by the equations: — di and — 9- 

The next proposition states that in general the cover /2 in 2.4.3 doesn't have the 
structure of a torsor under a finite and flat i?-group scheme of rank p'^. 

2.4.5. Proposition. We use the same notations as in 2.4.3. Assume that we are in 
the case c-1 ) and that p > 2. Then the Gnite cover f doesn't have the structure of a torsor 
under a £nite and Sat R-group scheme of rank p^. 

Proof. Recall that in the case c-1 of 2.4.3 the etale torsor fx is given by the equations 
(1): (Tf,T2^) - (Ti,T2) = {ai/nP<,a'2 := 7T"'^a2). Let bi G A. Then the equations: 
{Sf, S^) - {Si, S2) = {7r-P"''^ai, a'2) + {n-P<b^^, 0) - (7r-"^'i6i, 0) are also defining equations 
for the torsor fx- The cover / is then given by the equations (1): 



and 

p-i 



fp _ 7r'^i(p-i)T2 = Tr^^P+^^a2 + p'^ ^ fP\f[>'(^_fi)P-''Tr'^^P-< 

k=l ^ ^ 

And / is also given by the equations (2): 



(pk+p—k) 
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and: 5f - ^2 = a2 + P"HEfc=l ©^f (-5i)^'-^7r-^'i(^'^+^'-^) 

-Efc=; (^)6?'=(-6i)f-'=7r— - Efci; - 7r-'i(^'-i)6i)'=(ai)f-^7r— i^''). By 

reducing modulo tt both equations (1) and (2) we obtain equations (1)' and (2)' for the 
cover fk on the level of special fibres. Suppose that / has the structure of a torsor under 
a finite and flat i?-group scheme Gr of rank p^. Then the special fibre fk of / is a torsor 
under the special fibre Gk of G which is a group scheme of rank and an extension of 
ctp by ctp. In particular both equations (1)' and (2)' that we obtain for fk must define the 
same Op-torsor fi^k and f2,k- This is the case for fi^k since both equations are = ai 
and §1 = ai + 6f but we will see that this is not the case for f2^k if p > 2. Indeed 
one can see after some (easy) computations that the equations we obtain for f2^k are: 

~p ^ _~p(p-i)+i ^^^.p ^ _§pip-^)+^^^ip-^)+^+Y:lZ\{K^''~'^^\h-bi^^^^ 

where §2 is the image of tt^'^S2 modulo tt, which gives S2 = —s''^^'^~^^'^^ + 
^ ^^-^ _ ^^^p_i ^ ^p-i^ ^p-i ^p(fc-i)+i^~^ _ ^^^p(p_fe_i)+i_ g^gy verification 

shows that these two equations define non isomorphic ctp-torsors (although they define 
isomorphic covers). If for example p = 3 then the two equations are: ^ = —t[ and 

si = -sl + hl^-{{si-biY -bl)(hi{si-hi)'^ + b\{si-bi)). Using that si =ii+bi we get 

§1 = -{ii+biy+bi+{ii-bi){biii+biii) thus si = -ii-34:iibi-8iibi = -ii+2iibi+iibi 

and since 2ff 6f + iibf = 2ai6f + fi6f is not a cube we deduce that the two equations do 
not define the same cta-torsor. 

2.4.6. Corollary. Assume p > 2. Let X be a formal afRne R-scheme of finite type 
with Xk integral. Then there exists a p'^ -cyclic cover f : Y ^ X which is Stale on the 
generic fibre Xk of X such that the special fibre Yk ofY is integral and f doesn't have 
the structure of a torsor under a finite and fiat R-group scheme of rank p^ . 

Proof. One can easily find examples of cyclic p^-covers f : Y ^ X which have the 
structure of an etale torsor above Xk and such that we are in the case c-1) of 2.4.3. The 
result follows then by 2.4.5. 

2.4.7. Question. With the same notations as in 2.4.3 is it possible to find necessary 
and sufficient conditions, for example on di and ^2, such that / has the structure of a 
torsor under a finite and fiat i?-group scheme of rank p^l 

Next we define the "degeneration data'' arising from the reduction of an etale Z/p^Z- 
torsor. 

2.4.8. Definition. Let /k-Yk^ Xk be an etale Z/p^Z-torsor with X = Spec^ 
affine as in 2.4.3. Then we define the degeneration type of the torsor as follows: fK 
has a degeneration of type A, or of type (etale, etale), if we are in the case a) of 2.4.3, a 
degeneration of type B, or of type (etale, radicial), if we are in the case b) of 2.4.3 and 
a degeneration of type C, or of type (radicial, radicial), if we are in the case c) of 2.4.3. 
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Further we define the degeneration data associated to a degeneration type as follows: 

a) A degeneration data of type A consists of an element of H^^{Xk, Z/p^Z). 

b) A degeneration data of type B consists of an element of Hj^^f^Xki Gk) where is the 
finite commutative group scheme extension of Z/pZ by ap as defined in 2.3.1. 

c) A degeneration data of type C consists of an element of Hj^^^^Xk, Hk) ©r(Xfc, Oxk)^~^- 
where Hk is the finite commutative group scheme extension of ap by ap as defined in 2.3.1 

2.4.9. Proposition. Assume that X is afGne as in 2.4.3 and let Jk'-Yr^ Xk be an 
etale Z/p^'L-toisor which has a degeneration of type A (resp. B or C). Then fx induces 
canonically a degeneration data of type A (resp. of type B or C). 

Proof. This is a direct consequence of 2.4.3. If fx has a degeneration of type A then the 
special fibre fk of / is an etale Z/p^Z-torsor and the assertion follows in this case. Assume 
that fx has a degeneration of type B. Then the special fibre fk of / is canonically a G^- 
torsor and the assertion follows in this case too. Finally assume that the torsor fx has a 
degeneration of type C. Then it follows from 2.4.3 that the special fibre fk of the cover / 
is defined by the equations: = ai and ^2 = ^cfti — 2c^t^^ — ... — (p — l)c^_]Fi^ "^^"^^ — 

IP{P-1) + 1 ^ g (^g3p_ ^ ^P ^ _-pJ^ _ ^-P^IP+I _ l)cP_JP^P-^^ + ^ + 

or = di and t2 = g) where Ci,...,Cp_i (resp. g) are functions on Xk (eventually equal 
to 0) which are uniquely determined (resp. determined up to addition of clement of the 
form where h is a function on Xk). The pair (ai, g) defines then canonically an element 
of Hlpp^{Xk, Hk) and the tuple (ci, ...,Cp_i) an element of r{Xk,Oxk)^~^ ■ Thus we get 
canonically an element of H^pp^{Xk, Hk) © T{Xk, Oxk)^~^ associated to fx in this case. 

2.4.10. It follows from 2.4.8 that an etale Z/p^Z-torsor above the generic fibre Xx of X 
induces canonically a degeneration data of type either A, B or C. Reciprocally we have 
the following result of lifting of such a degeneration data. 

2.4.11. Proposition. Assume given a degeneration data, say V, of type either A, 
B or C as in 2.4.6. Then there exists a Z/p'^Z-torsor fx : Yx — > Xx such that the 
degeneration data associated to fx via 2.4.8 equals V. 

Proof. The proof in the case where the degeneration data is of type A or is similar 
to the proof in 2.2.3. Assume that the degeneration data is of type C and consists of 
the pair (01,02), where oi and 02 are functions on Xk which are not p-powers, and the 
tuple of functions (ci, Cp_i). Let ai and 02 (resp. ci,...,Cp_i) be regular functions 
on X which lift Oi and 02 (resp. which lifts ci,...,Cp_i). Let n = pn' = p^n" > 
be an integer. Consider the Z/p^Z-torsor given by the equations: (TfjTg) — (Ti,T2) = 
(ai7r-"'f , /(ai)7r-f"^ + a27r-f^+"'(f-i)) where /(ai) = c^ai + ... + Cp_ia?"^ and m = n'p. 
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Then it follows easily from the proof of 2.4.3 that the degeneration data associated to fx 
via 2.4.7 equals D. In this lifting we have 5i = n'{p—l) and 82 = n" {p{p—l) + l){p—l) . We 
have also the other following possibility for the lifting. Namely consider the Z/p^Z-torsor 
given by the equations: (Tf , T|) - (Ti, T2) = (ai7r-"'p, /(ai)7r-P"^ + g-j^-p^+n'ip-i)-^ ^^ere 
m is a positive integer such that mp — n'{p — l) > n'{p{p — l) + 1) and mp — n'{p—l) = pm'. 
In this later case we have Si = n' {p — 1) and S2 = m' {p — 1) . 

2.5. Degeneration of Z/pZ-torsors on the boundaries of formal fibres. 

In this section we assume that the residue field k of R is algebraically closed. In what 
follows we explain the degeneration of Z/pZ-torsors on the boundary X ~ Spf i?[[T]]{T~^} 
of formal fibres of germs of formal -R-curves. Here i?[[T]]{T~^} denotes the ring of for- 
mal power series X^jg^tti^* with lim^^-oo \ai\ = where | | is an absolute value of K 
associated to its valuation. Note that i?[[T]]{T~^} is a complete discrete valuation ring 
with uniformising parameter tt and residue field k{{t)) where t = Tmodyr. The function 
T is called a parameter of the formal fibre X. The following result, which describes the 
degeneration of Z/pZ-torsors above the formal fibre Spf i?[[T]]{T~^}, will be used in the 
next paragraph III in order to prove a formula comparing the dimensions of the spaces of 
vanishing cycles in a Galois cover of degree p between formal germs of i?-curves. 

2.5.1. Proposition. Let A ■= R[[T]]{T-^} and let / : Spf S ^ Spf A be a non 

trivial Galois cover of degree p. Assume that the ramification index of the corresponding 
extension of discrete valuation rings equals 1. Then f is a torsor under a finite and flat 
R-group scheme of rank p. Let 6 be the degree of the different in the above extension. 
Then the following cases occur: 

a.) 5 = 0. In this case f is a torsor under the Stale group (Z/pZ)^^ and for a suitable 
choice of the parameter T of A the torsor f is given by an equation — X = T^ for 
some negative integer m which is prime to p. In this case X^/"^ is a parameter for B. 

b ) < 5 = n{p — 1) for some positive integer n. In this case f is a torsor under the 
group scheme M.n,R- Moreover for a suitable choice of the parameter T the torsor f is 
given by an equation X^ — 7r"*^^~^^X = T"^ with m, E Z is prime to p. In this case X^/"^ 
is a parameter for B. 

Proof. First it follows from 2.2.1 that we are either in case a) or in case b). We start 
first with the case a). In this case / is an etale torsor given by an equation — X = u = 
X^j^^ttiT* e A. On the level of special fibres the torsor //- := SpecB/irB — > Spec^/7r^ 
is the etale torsor given by the equation a;^ — a; = J2i>m ^ ^ where Oj is the image of 
Oj modulo TT and m e Z is some integer. Assume for example that the integer m = pm' is 
divisible by p. Then after adding aU^f^' — amf^ into the defining equation for fj- we can 
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replace a^t"^ by Orhf^' . Repeating this process eventually we can finally assume that 
the integer m is prime to p in which case X]^>^ a^t* = f^v and u = T'^v where v E A is 
a unit whose image modulo tt equals v. Further the integer m is then necessarily negative 
since the residue field extension fk := Spec B/nB — > Spec A/tt A must ramify. Finally after 
extracting an m-th root of v and replacing T by Tv^^"^ we arrive to an equation of the 
form X'P — X = T"^ . Secondly assume that we are in the case b) . Then / is a torsor under 
the finite and flat group scheme Ain,R, for some positive integer n, given by an equation 
XP — n'^(P~^'>X = u = '^i^j^aiT^ E A and u is not a p-power modulo tt. In this case on 
the level of special flbres the torsor fk := Spec B/tvB Spec A/ttA is the a^-torsor given 
by the equation — ^j>^ ciit^ E A/nA where is the image of modulo tt and m E Z 
is some integer. Assume for example that the integer m = pm' is divisible by p. Then the 
term amt"^ is a p-power and we can eliminate it from the defining equation for fk and since 
J2i>m ^i^^ ^ A/ttA is not ap-power we can repeat this process eventually and assume after 
finitely many steps that m is prime to p. In this case Ylii>m ~ ~ T'^v where 

V E A is a, unit whose image modulo tt equals v. Finally after extracting an m-th root of 

V and replacing T by Tv^^'^ we arrive to an equation of the form X^ — tt^^^^-^^X = T"^. 

2.5.2. Definition. With the same notations as in 2.5.1 we define the conductor of the 
torsor / to be the integer —m. Further we define the degeneration type of the torsor / to 
be (0, m) in the case a) and (n, m) in the case b). 

2.5.3. Remark. The above proposition implies in particular that Galois covers / : 
Spf 5 Spf^ as in 2.5.1 are classified by their degeneration type as defined in 2.5.2. 
More precisely given two such Galois covers which have the same degeneration type then 
there exists a (non canonical) Galois equivariant isomorphism between both covers. 

2.6. Degeneration of Z/p^Z-torsors on the boundaries of formal fi- 
bres. 

We use the same notations and hypothesis as in 2.5. Next we explain the degeneration 
of etale Z/p^Z-torsors on the boundaries of formal fibres. 

2.6.1. Proposition. Let A -.= R[[T]]{T-^} and let f :y := Spi B ^ X := Spf^ 
be a non trivial cyclic Galois cover of degree p^ with yk irreducible. Assume that the 
ramification index of the corresponding extension of discrete valuation rings equals 1. 
Then f factorises canonically as / = /i o /2 with /2 : 3^ ^ := Spf Bi and /i : — > X 
where fi is a Galois cover of degree p. Let 5 (resp. 5i and 82 ) be the degree of the different 
in the above extension (resp. in /i and f2). Then the following cases occur: 

a.) 5 = 0. In this case f is a torsor under the etale R-group G = (Z/p^Z)i? and for a 
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suitable choice of the parameter T of A the torsor f is given by an equation: 

{XlX^) - {X,,X2) = {l/T^\f{T)) 

where mi is a positive integer prime to p and f{T) e A is such that its image fit) modulo 
TT equals ^j>_^2 "^^^^ where m2 > is prime to p and C-m^ 7^ 0. In this case the torsor 
/i (resp. f2) has a reduction of type (0, — mi) (resp. (0,m2 := —pm2 + mi{p — 1)) if 
777.2 > pmi and (0, 777.2 := —"^lipip — 1) + 1)) otherwise). 

b) (5i = and 82 > 0. In this case f is a torsor under the group scheme W^(o,n) ^or 
some positive integer n and for a suitable choice of the parameter T of A the cover f is 
generically given by the equations: 

Xf-Xi = l/T'"! 

and: 

XI - X2 = /(T)/7r^- +p-' Yl (^)^r'(-^i)^~' 

with f{T) e A is such that its image f{t) = ^^^j Cit^ modulo tt is not a p-power. Let 
7772 '■= inf{z e /,gcd(i,p) = l,Ci ^ 0}. We call the integer 7772 the conductor of f{T). 
Then the torsor /i (resp. f2) has a reduction of type (0, — ttt-i) (resp. (77,777.2) where 

777.2 := P"72 + 777i(p - 1)). 

c) 5i < 0. In this case the cover f is generically given for a suitable choice of the 
parameter T by the equations: 

XI -Xi^ yrniy^nip 

for some integer mi prime to p and: 

- X2 = /(T)/7r^"^ +p-^Y,{^j\xl\-XiY-^ 

k=l ^ ^ 

where f{T) = ^j^^jCLiT^ G A is not a p-power modulo n . Let 1712 '■= inf{z G /,gcd(^,p) = 1, 
and tti is a unit} be the conductor of f . Then the following distinct cases occur: 

c-1) pn2 — ip — i)ni > ni{p(j) — 1) + 1). Then pn2 — (p — l)?^i = pn2 is divisible by p 
and the torsor fi (resp. f2) has a reduction of type (ni, mi) (resp. (?72, m2p — mi{p— 1))). 

c-2) pn2 — (p — l)ni < 77i(p(p — 1) + 1). Tien ni{p{p — 1) + 1) = pn2 is divisible by p 
and the torsor fi (resp. f2) has a reduction of type (771, mi) (resp. (772, mi{p{p — l) + 1)) ). 

c-3) P772 — {p — l)ni = ni{p{p — 1) + 1). Then ni{p{p — 1) + 1) = p772 is divisible 
by p and the torsor fi (resp. f2) has a reduction of type (771, mi) (resp. (772,777.2) where 
7772 = inf(mi(p(p - 1) + l),m2P - mi(p - 1)))). 
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Proof. First it follows from 2.4.3 that the above cases are all the possible cases of de- 
generation of the Z/p^Z-torsor fx- We start with the case a) and assume that 5 = 0. In 
this case / is an etale torsor given by an equation (XfjXl*) — {Xi,X2) = {g{T)j f{T)) 
where g{T) (resp. f{T)) are elements of A. Moreover by 2.5.1 we can assume that for a 
suitable choice of the parameter T we have g{T) — for some positive integer mi 

prime to p. One has to compute the conductors of the torsors fi and /2. As for /i we have 
T = - x[^~^'^)-^/'^^ from which it follows that Z := X'^'"^^ is a parameter 

for 3^1 and we have T — Z'p{1 — . The torsor /2 is given by the equation 

XP-X2 = f{T) +p-^ Y^lZl {l)xf{-Xi)P-'' and after adding elements of the form bP-b 
where b E A we can assume that the image f{t) of f{T) modulo n equals ^j>_^2 
where m2 > is prime to p. Now we have = 1/zP'^^{1 - ^mi(p-i))m2/mi ^ 

2y^pm2 _ (?7i2/mi)l/2^™2-'Tn(p-i) _|_ where z is the image of Z modulo tt, which can be 
replaced after some transformation by — (m2/mi)l/ zP'^'^~'^^^p~^^ + .... On the other 

hand the summand in p~^ Ylk=i which gives the highest contribution to 

the different is _xf^^~^^+^ = ^j^^g deduce that the conductor 

for the torsor /2 equals —pm2 + mi{p — 1) if 777-2 > P"7i and —mi{p{p — 1) + 1) otherwise. 

Assume next that we are in the case b). In this case / is generically given by an 
equation (Xf, Xf) - (Xi,X2) = (^(T), /(T)/7rP'^) where g{T) (resp. /(T)) are elements of 
A, n is a positive integer, and the image of f{T) modulo tt is not a f)-power. Moreover by 
2.5.1 we can assume that for a suitable choice of the parameter T we have g{T) = l/T"^^ 
for some positive integer mi prime to p. Consider the image f{t) of /(T) modulo tt which 
equals X]i>m2 Then we can assume after some transformations which eliminate the 
p-powers that the integer m2 is prime to p. The special fibre of the torsor /2 is given 
by the equation: = f{t) = E^>m2 Now t"^^ = ^^"^2(1 _ ^mi(p-i))-m2/mi ^ 

■^pm2 _|_ [jxi^ I m-^^ zP'^'^'^'^'^^P~^^ + ... which can be transformed, after eliminating the term 
^pm2 which is a p-power, to (m2/mi)zP™2+'ni(p-i) _|_ From this we deduce that the 
conductor of /2 equals pm2 -\- mi{p — 1). 

Finally assume that we are in the case c). In this case the cover / is given by 2.4.3 
and 2.5.1, and for a suitable choice of the parameter T, by the equations: 

and 

Xl-X2 = /(T)/7r^'"^ + p-"- \P\xf{-X{)P-^TT-''^^P^P-^^+^^ 

k=l ^ ^ 

where /(T) = Y^i^jail"^ £ A. Note that the image /(T) = Y^i^jait modulo tt is 
necessarily a p-power in Bi/ttBi since the image t of T is. We write f{T) = /((Xf — 
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The expression f((Xf — Tr"^^^ ^^Xi)^/"^!) can be transformed after additfon of ele- 
ments of the form hP — h (where b e Bi) to: 

i i 

where g{Xi) G Bi and n' < pn2 — ni{p — 1) is a positive integer. Assume first that 
n2P — ni{p — 1) > ni{p{p — 1) + 1) then n2P — ni(p — 1) — n'2P is necessarily divisible 
by p and /2 is a torsor under the group scheme Mn'^^R. Its special fibre f2,k is the 
Q!p-torsor given by the equation £3 = ~ Si>m2(V^i)'^i^i^^'"^^i~^ where (resp. xi) 
is the image of Oj (resp. Xi) modulo tt and 777.2 '■= inf{i G /,gcd(i,]3) = 1, and Oj 
is a unit} is the conductor of /. Since x\^^^ is a parameter for Bi/ttBi we deduce 
immediately that the conductor for the torsor /2 equals m2P — mi{p — 1). Next assume 
that 772P — ni{p — 1) < ni{p{p — 1) + 1) then ni{p{p — 1) + 1) = n2P is necessarily 
divisible by p and /2 is a torsor under the group scheme M-n'^^R- Its special fibre f2,k is 
the CKp-torsor given by the equation from which we deduce immediately 

that the conductor of /2 equals mi{p{p — 1) + 1). Finally consider the last case where 
n2P — ni{p — 1) — ni{p(p — 1) + 1) in which case ni{p{p — 1) + 1) = ni^p is necessarily 
divisible by p and /2 is a torsor under the group scheme Mn'^^R- Its special fibre f2,k is 
the ap-torsor given by the equation = —x\^^ ^^^^ — X]i>m2 from 
which we deduce that the conductor of /2 equals inf(mi(p(p — 1) + 1), m2P — mi{p — 1)) 
which equals mi{p{p — 1) + 1) if m2 < pmi and r772P — ?77i(p — 1) otherwise. 

2.6.2. Definition. With the same notations as in 2.6.1 let (?7i,mi) (resp. (772,7772)) 
be the degeneration type of the torsor /i (resp. /2). Then we define the degeneration type 
of the cover / to be {(?7i, ?77i), (772, 7772)}- Note that the inequality 772 > Tii{p(p — 1) + l)/p 
holds by 2.4.3. 

2.6.3. Remark. Contrary to what happend for p-cyclic covers (cf. Remark 2.5.3) 
it is no more true that p^-cyclic covers above formal boundaries are determined by their 
degeneration type as defined in 2.6.2. 

2.6.4. Definition. Let {(?7i, mi), (772, 7772)} be a pair of pair of integers. We say that 
this pair is admissible if the following holds: either ?7i = 772 = in which case ttii and 7772 
are negative and 7772 = inf(777i(p(p — 1) + 1), m2P — mi{p — 1)) for some negative integer 
77i2 prime to p or ni = and 772 7^ in which case 7771 < —1 and 777.2 = P"^2 + "^1 {p — 1) for 
some integer 7712 prime to p or finally ni ^ in which case either 772 > ni{p{p — 1) + 1) /p 
and 7772 = PTTT'2 — mi{p — 1) for some integer 7712 prime to p or 772 = ni{p(p — 1) + l)/p in 
which case 777.2 = nT'iipip ~ 1) + 1) "^2 = 'm'2P — nT'iip — 1) for some integer 7712 prime to 
p with 77i2 < pmi. It follows from 2.6.1 that the degeneration type {(771,7711), (77.2,777.2)} of 
the cover / is an admissible pair. 
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III. Computation of vanishing cycles and examples for cyclic p- 
covers. 

The main result of this section is Theorem 3.2.3 which gives a formula which compares 
the dimensions of the spaces of vanishing cycles in a Galois cover f : y ^ X with group 
Z/pZ between formal germs of i2-curves where R is a complete discrete valuation ring of 
equal characteristic p > in terms of the degeneration type of / above the boundaries of 
X as defined in 2.5.2. This formula enables one in principle to compare the dimensions of 
the spaces of vanishing cycles in a Galois cover f : y ^ X with group a p-group as we 
will illustrate for the case of cyclic covers of degree in IV. In all this section we use the 
following notations: i? is a complete discrete valuation ring of equal characteristic p > 0. 
We denote by K the fraction field of i? by tt a uniformising parameter and k the residue 
field. We also denote by vk the valuation of K which is normalised by ^^(Tr) = 1. We 
assume also that the residue field k is algebraically closed. 

3.1. By a (formal) i?-curve we mean a (formal) i?-scheme of finite type which is normal fiat 
and whose fibres have dimension 1. For an i?-scheme X we denote by Xk '■= X XspecR 
Specif the generic fibre of X and X^ := X Xspecit Spec A; its special fibre. In what 
follows by a (formal) germ X of an i2-curve we mean that X := SpecOx.a; is the (resp. 
X := Spf Ox,x is the formal completion of the) spectrum of the local ring of an i?-curve 
X at a closed point x. We refer to [S-1] 3.1 for the definition of the integers 5x, rx, and 
the genus of the point x. 

3.2. The compactification process. Let X -.= Spf dx,x be the formal germ of 
an i?-curve at a closed point x with X^ reduced. Let f : y ^ X he a Galois cover with 
group Z/pZ and y local. We assume that the special fibre of is reduced (this can 
always be achieved after a finite extension of R). We will construct a compactification 
of the above cover / and as an application we will use this compactification in order to 
compute the arithmetic genus of the closed point of y. More precisely we will construct 
a Galois cover / : y — > X of degree p between proper algebraic i?-curves, a closed point 
y eY and its image x = f{y), such that the formal germ of X (resp. of Y) at x (resp. at 
y) equals X (resp. y) and such that the Galois cover : Spf OY,y — Spf Ox,x induced by 
/ between the formal germs at y and x is isomorphic to the above given cover / : y ^ X. 
The construction of such a compactification has been done in [S-1] 3.3.1 in the inequal 
characteristic case, we first start with the case where the formal germ X has only one 
boundary. 

3.2.1. Proposition. Let D := Spfi? < 1/T > be the formal closed disc centered 
at oo (cf. [B-L], 1, for the definition of R < 1/T >). Let V := Spi R[[T]]{T-^} and let 
V ^ D he the canonical morphism. Let f : y ^ T> be a non trivial torsor under a finite 
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and Rat R-group scheme of rank p such that the special fibre of y is reduced. Then there 
exists a Galois cover f -.Y ^ D with group Z/pZ whose pull back to V is isomorphic to 
the above given torsor f. More precisely with the same notations introduced in 2.5 we 
have the following possibilities: 

a) The torsor f is Stale and has a reduction of type (0, —m). In this case consider the 
Galois cover f : Y ^ D given generically by the equation — Z = This cover is 
an Stale torsor and its special fibre fk '■ Yk ^ is Stale and Yk is smooth. Moreover the 
genus of the smooth compactification ofYk equals {m — — l)/2. 

b) The cover f is a torsor under the group scheme Ain.R for some positive integer n 
and has a reduction of type (n, m) for some integer m prime to p. Consider the following 
two cases: 

b-1) m > 0. In this case consider the Galois cover f : Y ^ D given generically 
by the equation Z^ - tt'^^p-^^Z = T"*. This cover is ramified above oo with conductor 
m and its special fibre fk'-Yk^ is radicial. Moreover Y^ is smooth and its smooth 
compactification has genus 0. 

b-2) m < 0. In this case consider the Galois cover f : Y ^ D given generically by 
the equation Z^ — 7r"*^P~^)Z = T"^. This cover is an Stale torsor on the generic fibre and 
its special Gbre fk - Yk ^ Xk is radicial. Moreover Yk has a unique singular point y which 
is above oo and Qy = (— m — l){p — l)/2. 

Proof. The proof is similar to the proof of proposition 3.3.1 in [S-1]. For the convenience 
of the reader we treat the case b-1). In this case consider the Galois p-cover — > P|j, 
with H normal, above the projective i?-line with parameter T defined generically by the 
equation ZP - tt'^^p-^) Z = T^. This cover is ramified on the generic fibre only above the 
point oo with conductor m from which we deduce that the genus of the generic fibre Hk 
of H equals (m — 1) (p — l)/2. On the level of the special fibres the cover Hk is an ctp 

torsor outside the point oo defined by the equation = . The genus of the singularity 
above the point t = can be then easily calculated and equals (m — l)(p — l)/2 (cf. [Sa-1] 
3.3.1). From this we deduce that Hk is smooth outside t = since the arithmetic genus of 
Hk and Hk are equal. 

In the next proposition we deal with the general case. 

3.2.2. Proposition. Let X := Spf be the formal germ of an R-curve at a closed 
point X and let {Aij^^i be the boundaries of X. Let f : y ^ X be a Galois cover with 
group Z/pZ and with y local. Assume that yk and Xk are reduced. Then there exists a 
Galois cover f -.Y ^ X of degree p between proper algebraic R-curves Y and X, a closed 
point y E Y and its image x = f{y), such that the formal germ of X (resp. ofY) at x 
(resp. aty) equals X (resp. equals y) and such that the Galois cover Spf OY,y Spf Ox,x 
induced by f between the formal germs at y and x is isomorphic to the above given cover 
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f : y ^ X. Moreover the formal completion of X along its special Gbre has a covering 
which consists of n closed formal discs Di which are patched with X along the boundaries 
T>i and the special fibre Xk of X consists of n smooth projective lines which intersect at 
the point x. In particular the arithmetic genus of Xk equals Qx- 

Proof. Similar to the proof of proposition 3.3.2 in [S-1]. 

The next result is the main one of this section. It provides an explicit formula which 
compares the dimensions of the spaces of vanishing cycles in a Galois cover of degree p 
between formal fibres of curves in equal characteristic p > 0. 

3.2.3. Theorem. Let X := SpfO^ be the formal germ of an R-curve at a closed point 
X with Xk reduced. Let f : y ^ X be a Galois cover with group Z/pZ with y local 
and yk reduced. Let {pi}i£i be the minimal prime ideals of Ox which contain tt and let 
Xi :— Spf Op^ be the formal completion of the localisation of X at pi. For each i e I the 
above cover f induces a torsor fi'.yi^ Xi under a Gnite and Sat R-group scheme of rank 
p above the boundary X^ (cf. 2.5.1). Let {ni,m,i) be the reduction type of fi (cf 2.5.2). 
Let y be the closed point of y. Then one has the following "local Riemann-Hurwitz 
formula" : 

2gy-2= p{2gx -2) + drj-ds 

Where dn is the degree of the divisor of ramification in the morphism fx '■ yK '^K 
induced by f on the generic fibres, where Xk '■= Spec((9a; ®rK) and yK '■= Sp^c{Oy^y ®r 
K), and dg := X^ie/ct (^"^« ^ ~ 1) + Xlie/ d^~"^* ~ ^)iP^ 1) where P^'^ is the subset 
of I consisting of those i for which ^ and is the subset of I consisting of those i 
for which = and 7^ 0. 

Proof. The proof is similar, using 3.2.1, to the proof of theorem 3.4 in [S-1] with the 
appropriate modifications. We repeat briefiy the argument for the convenience of the 
reader. By Proposition 3.2.2 one can compactify the above morphism /. More precisely 
there we constructed a Galois cover f : Y ^ X of degree p between proper algebraic 
i?-curves a closed point y E Y and its image x = f{y) such that the formal germ of X 
(resp. of Y) at x (resp. at y) equals X (resp. equals 3^) and such that the Galois cover 
Spf OY,y — Spf Ox,x induced by / between the formal germs at y and x is isomorphic 
to the given cover f : y ^ X. The special fibre of X consists (by construction) of 
card(/)-distinct smooth projective lines which intersect at the closed point x. The formal 
completion of X along its special fibre has a covering which consists of card(/) formal closed 
unit discs which are patched with the formal fibre X along the boundaries Xi. The above 
formula follows then by comparing the arithmetic genus of the generic fibre Yk of Y and the 
arithmetic genus of its special fibre Yfc. Using the precise informations given in Proposition 
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3.2.1 one can easily deduce that giY^) = PQx + (1 — p) + df)/'^ + ("^i + ~ l)/2 

where /> is the subset of / consisting of those i for which the degeneration type above 
the boundary Xi is (n^, rrii) with > and mj > 0. On the other hand one has giY]^) = 
Qy+^^^j^ (~''^i~l)(p~l)/2+^j£/^^ (— TOi — 1), where /< is the subset of / consisting 
of those i for which the degeneration type above the boundary Xi is (nj, rrii) with > 
and rrii < 0, and let is the subset of / consisting of those i for which the degeneration type 
above the boundary Xi is (0,mi). Now since Y is flat we obtain g{YK) = g{Yk) and the 
above formula directly follows. 

3.3. p-Cyclic covers above germs of semi-stable curves. 

In what follows and as a consequence of theorem 3.2.3 we will deduce some results in 
the case of a Galois cover y ^ X where X is the formal germ of a semi-stable R-curve at a 
closed point. These results will play an important role in V in order to exhibit and realise 
the degeneration data which describe the semi-stable reduction of Galois covers of degree 
p in equal characteristic p. We start with the case of a Galois cover of degree p above a 
germ of a smooth point. 

3.3.1. Proposition. Let X := Spf i?[[T]] be the formal germ of an R-curve at a 
smooth point x and let Xr, :— Spf i^ffTjjlT"-*^} be the boundary of X. Let f : y ^ X be 
a Galois cover of degree p with y local. Assume that the special fibre ofy is reduced. Let 
y be the unique closed point of 3^^. Let dr, be the degree of the divisor of ramification in 
the morphism f : y^ Xk- Then d^j = r(j) — 1) is divisible by p — 1. We distinguish two 
cases: 

1) yk is unibranche at y. Let {n,m) be the degeneration type of f above the 
boundary X^ (cf. 2.5.2). Then necessarily r + m — 1 > 0, and Qy = {r + m — l){p — l)/2. 

2) yk has p-branches at y. Then the cover f has an etale split reduction of type 
(0,0) on the boundary, i.e. the induced torsor above Spf i?[[T]]{T"^} is trivial, in which 
case gy = {r- 2){p - l)/2. 

As an immediate consequence of 3.3.1 one can immediately see whether the point y 
is smooth or not. More precisely we have the following: 

3.3.2. Corollary. We use the same notation as in 3.3.1. Then y is a smooth point 
which is equivalent to gy = if and only if r = 1 — m which implies that m < 1. In 
particular if f has a degeneration of type (n, m) on the boundary with n > and m > 
then this happend only ifr = and m = 1. 

Next we will give examples of Galois covers of degree p above the formal germ of a 
smooth point which cover all the possibilities for the genus and the degeneration type on 
the boundary. Both in 3.3.3 and 3.3.4 we use the same notations as in 3.3.1. We first begin 
with examples with genus 0. 
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3.3.3. Examples. The following are examples given by explicit equations of the 
different cases, depending on the possible degeneration type over the boundary, of Galois 
covers / : ^ — > A" of degree p above X = Spf and where gy = (here y denotes the 
closed point of y). 

1) For m > an integer prime to p consider the cover given generically by the equation 
XP — X = T~™. Here r = m+ 1 and this cover has a reduction of type (0, — m) on the 
boundary. 

2) For m := —m a negative integer prime to p and a positive integer n consider the 
cover given generically by the equation X^ — n'^^P~^^X = T™. Here r = m + 1 and this 
cover has a reduction of type (n, m) on the boundary. 

3) For a positive integer n consider the cover given generically by the equation X^ — 
^^^(p-i) — Here r — and this cover has a reduction of type (n, 1) on the boundary. 

Next we give examples of Galois covers of degree p above formal germs of smooth 
points which lead to a singularity with positive genus. 

3.3.4. Examples. The following are examples given by explicit equations of the 
different cases depending on the possible reduction type of Galois covers f : y ^ X oi 
degree p above X = Spf and where gy > 0. 

1 ) Let m > and m' > m be integers prime to p and consider the cover given 
generically by the equation X^ — X = tt/T"^ + l/T"*. This cover has a degeneration 
of type (0, — m) on the boundary, the point y above x is singular, and its genus equals 
{m' -m){p-l)/2. 

2 ) Let m, m' , and n be positive integers with m and m' prime to p and consider the 
cover given generically by the equation X^ — X — T'^/ttP'^ + tt/T"^ . This cover has a 
degeneration of type (n, m) on the boundary, the point y above x is singular, and its genus 
equals (m' + m)(p — l)/2. 

3 ) Let m, m' and n be positive integers such that m and m' are prime to p and m' > m. 
Consider the cover given generically by the equation X^ — X = 7"-"^7i--P"^ -|_ tt/T"^ . This 
cover has a degeneration of type (n, — m) on the boundary, the point y above x is singular, 
and its genus equals {m' — m){p — l)/2. 

Next we examine the case of Galois covers of degree p above formal germs at double 
points. 

3.3.5. Proposition. Let X -.= Spi R[[S,T]]/{ST - tt^) be the formal germ of an R- 
curve at an ordinary double point x of thickness e. Let Xi := Spf i?[[S']]{S'~"^} and X2 := 
Spf i?[[T]]{T-i} be tie boundaries ofX. Let f : y ^ X be a Galois cover with group Z/pZ 
and with y local. Assume that the special fibre of y is reduced. We assume that y^ has 
two branches at the point y. Let drj := r{p—l) be the degree of the divisor of ramification 
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in the morphism f : Yk — > Xk- Let {ni,mi) be the degeneration type on the boundaries 
of X for i = 1,2. Then necessarily r + rrii + m2 > and gy = {r + rrii + m2){p — l)/2. 

3.3.6. Proposition. We use the same notations as in Proposition 3.3.5. We consider 
the remaining cases: 

1) yk has p + 1 branches at y in which case we can assume that y is completely 
split above X\. Let (n2,TO2) be the degeneration type on the second boundary Xi of X. 
Then necessarily r + m2 — 1 > and gy = {r + m2 — l){p — l)/2. 

2) yk has 2p branches at y in which case y is completely split above the two 
boundaries of X and gy = {r — 2){p — 2)/2. 

With the same notations as in proposition 3.3.5 and as an immediate consequence one 
can recognise whether the point y is a double point or not. More precisely we have the 
following: 

3.3.7. Corollary. We use the same notations as in 3.3.5. Then y is an ordinary 
double point which is equivalent to gy = if and only if x is an ordinary double point of 
thickness divisible by p and r = mi + m2. Moreover ifr = then gy = is equivalent to 
TOi + ^7^2 = 0. 

Next we give examples of Galois covers of degree p above the formal germ of a double 
point which lead to singularities with genus 0, i.e. double points, and such that r = 0. 
These examples will be used in V in order to realise the "degeneration data" corresponding 
to Galois covers of degree p in equal characteristic p > 0. 

3.3.8. Examples. The following are examples given by explicit equations of the 
different cases, depending on the possible degeneration type on the boundaries, of Galois 
covers f : y ^ X of degree p above X = Spf R[[S,T]]/{ST - tt") with r = and where 
gy = for a suitable choice of e. Note that e = pt must be divisible by p. In all the 
following examples we have r = 0. 

1 ) p-Purity: if / as above has an etale reduction type on the boundaries and r = 
then / is necessarily etale and hence is completely split since X is strictly henselian. 

2 ) Consider the cover given generically by the equation — X = l/T"^ = S'^/tt'^p* 
where m is a positive integer prime to p which leads to a reduction on the boundaries of 
type (0, —m) and {mt,m). 

3 ) Let n and m be positive integers such that m is prime to p and n — tm > 0. 
Consider the cover given generically by the equation X^ — X = T'^/tt'^p = S~'^ / tt^^^~^'^^ 
which leads to a reduction on the boundaries of type (n, m) and (n — tm, —m). 

In fact one can describe Galois covers of degree p above formal germs of double points 
(in equal characteristic p) which are etale above the generic fibre and with genus 0. Namely 
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they are all of the form given in the above examples 3.3.8. In particular these covers are 
uniquely determined up to isomorphism by their degeneration type on the boundaries. 
More precisely we have the following: 

3.3.9. Proposition. Let X be the formal germ of an R-curve at an ordinary double 
point X. Let f : y ^ X be a Galois cover of degree p with yk reduced and local and 
with Jk '■ yK — Xk etale. Let Xi for i = 1,2 be the boundaries of X. Let fi : yi ^ 
Xi be the torsors induced by f above X^ and let 5i be the corresponding degree of the 
different (cf 2.5.1). Let y be the closed point ofy and assume that gy = 0. Then there 
exists an isomorphism X ~ Spf R[[S,T]]/{ST — tt*^) such that if say X2 is the boundary 
corresponding to the prime ideal (tt, S) one of the following holds: 

a ) The cover f is generically given by the equation — X = l/T"^ = /tt'^p* 
where m is a positive integer prime to p. This cover leads to a reduction on the boundaries 
of X of type (0, — m) and (mt, m). Here t > can be any integer. In this case 5i = and 
S2 = mt{p — 1). 

b ) The cover f is generically given by an equation X^—X — T'^/tt'^p — \ j T^pi^-*"^) 
where m > is an integer prime to p and n > such that n — tm > 0. This cover leads 
to a reduction on the boundaries of X of type {n,m) and (n — tm, —m). In this case 
Si — n{p — 1) and S2 = {n — tm){p — 1). 

Proof. The proof is similar to the proof of 4.2.5 in [S-1] in the inequal characteristic case. 

3.3.10. variation of the different. The following result, which is a direct conse- 
quence of Proposition 3.3.9, describes the variation of the degree of the different from one 
boundary to another in a cover f : y ^ X between formal germs at double points. 

3.3.11. Proposition. Let X be the formal germ of an R-curve at an ordinary double 
point X. Let f : y ^ X be a Galois cover of degree p with yk reduced and local and 
with fx '■ yx —>■ Xk etale. Let y be the closed point of y. Assume that gy = which 
implies necessarily that the thickness e = pt of the double point x is divisible by p. For 
each integer < t' < t let Xf ~> X be the blow-up of X at the ideal (tt^* , T). The special 
fibre of Xf consists of a projective line Pf which meets two germs of double points x and 
x' . Let rj be the generic point of Pf and let Vn be the corresponding discrete valuation 
of the function field of X. Let ff : y^ — > X^ be the pull back of f which is a Galois 
cover of degree p and let S{t') be the degree of the different induced by this cover above 
Vr) (cf. 2.5.1). Also denote by Xi for i = 1,2 the boundaries of X. Let fi'.yi^ Xi be the 
torsors induced by f above Xi. let {ni,mi) be their degeneration type and let Si be the 
corresponding degree of the different. Say Si = S{0) S2 = S{t) and S{0) < S{t). We have 
m := —mi = m2 say is positive. Then the following holds: for < ti < t2 < t we have 
S{t2) = S{ti) + m{p — l){t2 — ti) and S{t') is an increasing function of t' . 
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IV. Computation of vanishing cycles and examples for p^-cyclic cov- 
ers. 

4.1. In this section we use the same notations and hypothesis as in III and we compute 
the dimensions of the spaces of vanishing cycles arising form a cychc p^-cover above the 
formal germ of an i?-curve. Further we provide examples for such covers above formal 
germs of semi-stable curves. 

4.1.1. Proposition. Let X := Spf he the formal germ of an R-curve at a closed 
point X with reduced. Let f : y ^ X be a Galois cover with group Z/p^Z with y local 
and yk reduced. Let {pi}iei be the minimal prime ideals of which contain n and let 
Xi := Spf Op^ he the formal completion of the localisation of X at pi. For each i E I the 
above cover f induces a -cyclic cover fi : yi Xi above the boundary Xi (cf. 2.5.1). 
Let {(n^^i, m^j), (?ii^2, Wi^2)} (resp. {{ui^mi)}) be the degeneration type of fi (cf. 2.6.2) 
ifyi,k is irreducible (resp. ifyi^u has p-componcnts cf. 2.5.2). Let y be the closed point 
ofy. Then one has the following "local Riemann-Hurwitz formula": 

Where drj = p(ir?,i + dr^,2 is the degree of the divisor of ramification in the morphism 

Ik '■ yK Xk induced by f where Xk ■= Spec{Ox K) and yx ■= Spec{Oy^y K) 
and ds := pds,i + ds,2 where ds,i = Y.iei,S~^iA - - 1) + J2iei,,A~^i'^ - - 1) 
(resp. 4,2 = Eie/et (""^^,2 - - 1) + J2^eh, ("^^ - 1) (p - 1) + E^e/rad (-"^^,2 - - 
1) + Yliei d^~^^ ~ ^){P ~ ^)) where P^'^ is the subset of I consisting of those i for which 
7^ (resp. ni^2 7^ 0) and I^^ is the subset of I consisting of those i for which rii^i = 
(resp. ni^2 = Oj. ffere / denotes the subset of I consisting of those i for which yi has 
p-components. 

Proof. Follows directly from 3.2.3 

4.2. p^-Cyclic covers above germs of semi-stable curves. 

In what follows and as a consequence of 4.1.1 we will deduce some results in the case 
of a p^-cyclic cover f : y ^ X where X is the formal germ of a semi-stable i?-curve at 
a closed point. We start with the case of a Galois cover of degree p^ above a germ of a 
smooth point. 

4.2.1. Proposition. LetX := Spf i?[[T]] be tie germ of a formai i2-curve at a smooth 
point X and let Xr, := Spf i?[[T]]{T-i} be the boundary of X . Let f : y ^ X be a Galois 
cover of degree p^ with y local. Assume that the special fibre of y is reduced. Let y be 
the unique closed point ofyk- Let d^ be the degree of the divisor of ramihcation in the 
morphism f : y^: — > Xk- Then d^j = r{p — 1) is divisible by p — 1. The following cases 
occur: 
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1) yk is unibranche at y. Let {(ni,mi), (n2,m2)} be the degeneration type of f 
above the boundary (cf. 2.5.1). Then necessarily r + pmi + m2 — p — 1 > and 
gy = {r + pmi + m2 - p - l){p - l)/2. 

2) yk has p-branches at y. Let {(n, m)} be the degeneration type of f above the 
boundary X^. Then necessarily r + pm — p — 2 > and Qy = {r + pm — p — 2){p — l)/2. 

3) yk has p^-branches at y. Then the cover f has an etale completely split reduction 
on the boundary, i.e. the induced torsor above Spf R[[T]]{T~^} is trivial, in which case 
necessarily r — 2p — 2 > and Qy = {r — 2p — 2) {p — l)/2. 

As an immediate consequence of 4.2.1 one can immediately see whether the point y 
is smooth or not. More precisely we have the following: 

A.I.I. Corollary. We use the same notation as in 4.2.1. Then y is a smooth point 
which is equivalent to Qy — if and only if we are in case 1 ) and r + pm,i + m,2 — p+1. In 
particular if f has a degeneration on the boundaries of type {{ni, mi), (n2, m2)} with mi 
and 1712 positive then this happend only ifr = and mi = m2 = 1. 

Next we will give examples of cyclic covers of degree p^ above the formal germ of a 
smooth point which cover all the possibilities for the genus and the degeneration type on 
the boundary. Both in 4.2.3 and 4.2.4 we use the same notations as in 4.2.1. We first begin 
with examples with genus 0. 

4.2.3. Examples. The following are examples given by explicit equations of the 
different cases, depending on the possible degeneration type over the boundary, of cyclic 
covers f : y ^ X of degree p^ above X = Spf -RiiT]] and where gy = (here y denotes 
the closed point of y) . 

1) Let mi and m2 be two positive integers both prime to p and consider the cover 
which is generically given by the equations: {Xf, ) — (Xi, X2) = (l/T'^^, f{T)) where 
/(T) = J2i>-m2 ^'^'^^ ^ -^[[^]][^~^] ^rn2 IS & uuit in R. Assume that m2 > pmi. Then 
in this case r = mi + 1 -\-pm2 +p and this cover has a degeneration on the boundary of type 
{(0, —mi), (0, m2 := —pm2 + mi{p — 1))}. If m2 < pmi then r = mi + 1 + p^mi + p and 
this cover has a degeneration on the boundary of type {(0, —mi), (0, —mi{p{p — 1) + 1))}- 

2) Let mi and m2 be two positive integers both prime to p such that m2 > pmi and 
consider the cover given generically by the equations: {X^, ) — {Xi, X2) = 

(1/T"^i, /(T)/7rP") where n is a positive integer and /(T) = Ei>-m2 ^iT* e R[[T]][T-^] 
where C-^^ is a unit in R. Then in this case r = mi + 1 + pm2 + p and this cover has 
a degeneration on the boundary of type {(0, — mi), {n,m2 '■= —pm2 + mi{p — 1))}. If 
m2 < pmi then y is not smooth. 

3) Consider the cover given generically by the equations: (Xf,X2) — {Xi,X2) = 
(T/7r"if,/(T)/7r^2P) ^^ere /(T) e i?[[T]][T-i] has conductor m2 = 1 (cf. 2.6.1 for the 
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definition of the conductor). Assume that n2P > rii{p{p — 1) + 1). In this case r = and 
mi = 777,2 = 1 and this cover has a degeneration on the boundary of type {{ni, 1), (?72, 1)}. 

4) Let mi and m2 be two positive integers both prime to p. Consider the cover given 
generically by the equations (Xf , ) - (Xi, X2) = {T-^^^ / tt^'^p J [T) / ttP""^) where /(T) e 
-R[[T]][T~^] has conductor — m2 (cf. 2.6.1). First assume that pn'2 := n2P — ni(p — 1) > 
ni {p{p — 1) + 1) and m2 > pnii . Then in this case r = mi + 1 +pm,2 +p and this cover has a 
degeneration on the boundary of type {{ni, —mi), (772, m2 := ~m2P + mi{p — l))}. Further 
in this case if m2 < pnii then y is not smooth. Second assume that n2p — ni{p — 1) < 
pn2 := ni{p{p — l) + l) and m2 < pnii then in this case r = mi + l + mip'^ +p and this cover 
has a degeneration on the boundary of type {(ni, —mi), ((n2, m2 := —mi{p{p — 1) + I))}- 
In this later case if m2 > pmi then y is not smooth. 

4.2 A. Corollary. Let X •= Spf R[[T]] be the germ of a formal R-curve at a smooth 
point X and let := Spf i?[[T]]{T~^} be the boundary of X. Let f : y ^ X be a 
Galois cover of degree p^ with y local and which ramifies above the generic fibre Xk- Let 
{(?7i, mi), (?72, 7772)} be the degeneration type of the cover f above the formal boundary Xj^. 
Assume that y is smooth. Ifni =0 and n2 = (resp. ni = and n2 ^ 0) then necessarily 
mi < —1 and m2 — inf(mi(p(p — 1) + 1), m2P + mi{p — 1)) for some negative integer m2 
prime top (resp. m2 — m2P + mi{p— 1) for some integer m2 prime top with —m2 > pmi). 
If ni ^ then necessarily mi < —1 and 777-2 < —1 and either 72-2 > ni{p{p — 1) + l)/p in 
which case 777-2 = P"72 — mi(p — 1) for some integer m2 prime to p with — m2 > —pmi or 
^2 = ni(p{p — 1) + l)/p in which case 777-2 = "7i(p(p — 1) + 1) or 777-2 = "72P — mi(p — 1)) 
for some integer m2 prime to p such that m2 < pmi . 

Proof. Follows easily from 2.6.1 and the examples in 4.2.3 which cover all the possibilities 
for / as above. 

4.2.5. Definition. An admissible pair {(771, mi), (?72,"^2)} as defined in 2.6.4 is said 
to satisfy the condition (*) if it satisfies the numerical contraints in 4.2.4 above. 

Next we give examples of p^-cyclic covers above formal germs of smooth points which 
lead to singularities with positive genus. 

4.2.6. Examples. The following are examples given by explicit equations of the 
different cases, depending on the possible reduction type, of cyclic covers f : y ^ X of 
degree p^ above X = Spf -R[[T]] and where gy > 0. 

1 ) Let mi, m'l, 777-2 and 777-2 be positive integers all prime to p such that mi < m'l and 
777-2 < "^2- Consider the cover given generically by the equations (XfjXf) — {Xi,X2) = 
(tt/T-'i + 1/T-S/(T)) where /(T) = Ei>-^^ c^T^ e R[[T]][T-^] with c_^^ G ttR and 
/(^) = J2i>-m2 ^ ^[[^]] with c_^2 7^ (i.e. 777-2 is the conductor of /2). Assume that 
777-2 > P^i ■ In this case r = m'l + pm'2 + p + 1 and this cover has a degeneration on the 
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boundary of type {(0, —mi), (0, m2 := —prfi2 + m\{p — 1))}. Moreover Qy = {pih'2 —prh2 + 
m'l -mi)(p-l)/2. 

2) Let mi, m'l, m2, and m2 be positive integers all prime to p such that mi < m'l and 
7712 < Consider the cover given generically by the equations — (Xi,X2) = 
(tt/T"^! + l/T"^!, /(T)/7r^") where n is a positive integer and /(T) is as in 1). Assume 
that m2 > pfn'i . In this case r = m'l + prh'2 + p + 1 and this cover has a degeneration on 
the boundary of type {(0, —mi), {n,m2 '■= —prh2 + mi(p — 1))}. Moreover Qy = {prh'2 ~ 
prh2 + m[ — mi)(p — l)/2. 

3) Let mi, m'l, m2, and m2 be positive integers all prime to p such that mi < m'l and 
m2 < m2. Consider the cover given by the equations (Xf,X2) — (Xi,X2) = (tt/T"^! + 
rp-mi^nip^ /(r)/7rP"2^ where rii and ?i2 are positive integers and f{T) is as in 1). Assume 
that m2 > pm'i in which case we have r = m'l +pm2 +p + l. We distinguish the following 
cases: 

3. a) Assume that pn2 := n2P — ni{p — 1) > ni{p{p — 1) + 1). Then this cover has 
a degeneration on the boundary of type {{ni, —mi), (n2, m2 := —rh2P + m\{p — 1))} and 
Qy = {prh'2 - + m'l - mi){p - l)/2. 

3. b) Assume that n2P — ni{p — 1) < pn'2 := ni{p{p — 1) + 1) then this cover has a 
degeneration on the boundary of type {(tt-i,- mi), (n2,m2 := —m\{p{p — 1) + 1))} and 
Qy = {prh'2 - P^nT'i + "^i - mi){p - l)/2. 

4) Let mi, mi, m2, and m2 be positive integers all prime to p such that mi < m'l and 
7712 < m2- Consider the cover given generically by the equations {Xf,X2) — {Xi,X2) = 
(7r/T"^'i + j'-™i7]-"'iP, f{T)/7rP^^) where ni and n2 are positive integer and f{T) is as in 
1). Assume that rh'2 < pm'^ in which case we have r = m'^ + m^p^ + p + 1. We distinguish 
the following cases: 

4. a) Assume that pn'2 := n2P — ni{p — 1) > ni{p{p — 1) + 1). Then this cover has 
a degeneration on the boundary of type {{rii, —mi), (n2,m2 := —rh2P + mi{p — 1))} and 
9y — (p^m'i — rh2P + m'l — mi){p — l)/2. 

4.b) Assume that n2P — ni{p — 1) < pn'2 := ni{p{p — 1) + 1) then this cover has a 
degeneration on the boundary of type {(ni,— mi), (n2,m2 := —mi{p{p — 1) + 1))} and 
9y ~ {p^rn'i — rriip^ + m'l — mi){p — l)/2. 

Next we examine the case of cyclic covers of degree above formal germs at double 
points. 

4.2.7. Proposition. Let X := Spf T]]/(5T - tt") he the formal germ of an 
R-curve at an ordinary double point x of thickness e and let Xi := Spf and 
X2 := Spf i?[[T]]{T-i} be the boundaries of X . Let f : y ^ X be a Galois cover with 
group Z/p^Z and with y local. Assume that the special fibre ofy is reduced. We assume 
that yk has two branches at the point y. Let := r{p — 1) be the degree of the 
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divisor of ramification in the morphism f : Yr- — > X^- Let {(^j^i, mj^i), (nj^2) "7-j^2)} be 
the degeneration type on the boundaries of X for i = 1,2. Then necessarily r + pmi^i + 
pm2,i +mi,2 + m2,2 > and gy = (r + pmi,i + 7?m2,i + mi,2 + m2,2)(p - l)/2. 

Next we examine the remaining cases. 

4.2.8. Proposition. We use the same notation as in Proposition 4.2.7. We consider 
the remaining cases: 

1) yk has p+1 branches at y in which case we can assume that the degeneration type 
of f above the boundaries Xx is {(ni, mi)}. Then necessarily r + pm2,i +p + m,i +m2,2 > 
and gy = {r + pm2,i + p + nii + 7112,2) (p - l)/2. 

2) yt has 2p branches at y in which case we can assume that ni^i = ?i2,i = = 
m2,i = 0. Then necessarily r+m2, 2+ 'm'2,i—2p > and gy = (r+m2,2 + m2,i — 2p)(p — 1)/2. 

3) yk has p'^ + 1 branches at y and we can assume that f is completely split above 
the boundary Xx. Then necessarily r + pm2,i + ^2,2 — p — 1 > and gy — {r + pm2,i + 
m2,2 - p-^){p - l)/2. 

4) y^ has p'^ +p branches at y and we can assume that f is completely split above 
the boundary Xi. Then necessariij r+m2, 2— 2p—l = and gy = (r+m2,2— 2p— l)(p— 1)/2. 

5) yk has 2p^ branches at y and f is completely split on both boundaries of X. In 
this case gy = {r — 2p — 2){p — l)/2. 

With the same notation as in proposition 4.2.7 and as an immediate consequence one 
can recognise whether the point y is a double point or not. More precisely we have the 
following: 

4.2.9. Corollary. We use the same notations as in 4.2.5. Then y is an ordinary double 
point which is equivalent to gy = if and only if x is an ordinary double point of thickness 
divisible by p^ and r + prrii^i + pm2,i + toi,2 + ™2,2 = 0. Moreover ifr = then gy = is 
equivalent to mi^i + m2,i = and mi^2 + ^2,2 = 0. 

Next we give examples of p^-cyclic covers above the formal germ of a double point 
which lead to singularities with genus 0, i.e. double points, and such that r = 0. These 
examples will be used in VI in order to realise the "degeneration data" corresponding to 
cyclic covers of degree in equal characteristic p > 0. 

4.2.10. Examples. The following are examples given by explicit equations of the 
different cases, depending on the possible degeneration type on the boundaries, of cyclic 
covers f : y ^ X of degree above X = Spf R[[S, T]]/{ST - tt^) with r = and where 
gy = for a suitable choice of e. Note that e = p^t must be divisible by p^. In all the 
following examples we have r = 0. 

1 ) p-Purity: if / as above has an etale reduction type on the boundaries and r = 



37 



then / is necessarily etale and hence is completely split since X is strictly henselian. 

2 ) Consider the cover given generically by the equation (Xf , ) — {Xi,X2) = 
(1/T"*S/(T)) where mi is a positive integer prime to p and /(T) e i?[[T]][T-^] is such 
that its image f{t) modulo tt equals ^j>_^2 ^^^^ where m2 > is prime to p. This cover 
leads to a reduction on the boundaries of type {(0, —mi), (0,m2 := —pm2 + mi{p — 1))} 
and {{tmip,mi), {pm2t — {p — l)mit,pm2 — mi{p — 1))} if m2 > mip, and of type 
{(0, —mi), (0, 7712 := -~mi{p{p — 1) + 1))} and {{tmip, mi), {tmi{p{p — 1) + 1), mi{p{p — 
1) + 1))} if m2 < mip. 

3 ) Consider the cover given generically by the equation Xf — Xi = 1/T"^i and 
Xf - X2 = fiT)/nP^ + ZVi {l)xf{-X^r-^ with /(T) e R[[T]][T-^] is such that 
its image f{t) = J2i>m' ^^^^ modulo tt is not a p-power, and n is a positive integer such 
that pn — m2P^t > 0. Let m2 be the conductor of f{T). If n — m2pt > mip^t then y is 
smooth and this cover leads to a reduction on the boundaries of type {(0, —mi), (n,pm2 + 
mi{p— 1))} and {{mipt,mi), {n — m2pt— (p— l)mit, —pm2 — mi{p — 1))}. Further in this 
case if n — m2pt < mip^t then y is not smooth. 

4) Consider the cover given generically by the equation Xf — tt'^^^^^-'^^Xi = T'^^ for 
some integer mi prime to p and: 

Xf - X2 = /(T)/7r^'"^ + \P^^xf{-X^Y-^/TT''^^P^P-^^+^^ 

where f{T) = Ylii^i^i^^ ^ -^[[^]] [^"""^l ^ p-power and where rii (resp. 712) is a 

positive integer such that ni — ptmi > (resp. 77-2 — pt'm2 > 0). Here m2 denotes the 
conductor of /2. We distinguish the following cases: 

4-1) pn2 -{p- l)ni > ni(p(p - 1) + 1). If pn2 - m2pH - (p- l)(ni - mipt) > (ni - 
niipt) (p{p— + which necessarily implies that mip > m2 then y is smooth and this cover 
leads to a reduction on the boundaries of type {(?ii, mi), {{n2p — ni{p — l))/p, m2p — mi(p — 
1))} and {(ni - mipt, -mi), {{n2P - m2P^t - {p - l)(ni - ■mipt))/p, -m2P + m\{p - 1))}. 
Further in this case if pn2 — m2P^t — (p — 1)(?T'1 — mipt) < (ni — mipt){p{p — 1) + 1) then 
y is not smooth. 

4-2) pn2 — {p— 1)^-1 < ni{p{p — 1) + 1). If pn2 — m2P^t — {p — l)(?^i — mipt) < {ni — 
mipt){p{p—l) + l) (resp. pn2 — m2p'^t — {p — l){ni—mipt) = (ni—mipt)(p(p—l)-|-l)) which 
necessarily implies that mip < m2 (resp. niip > 1712) then y is smooth and this cover leads 
to a reduction on the boundaries of type {(ni,mi), {ni{p{p— 1) + l)/p,mi{p{p — 1) + 1))} 
and {(ni — rriipt, —mi), ((ni — mipt){p{p — 1) + l)/p, — mi(p(p — 1) + I))}- Further in this 
case if pn2 — m2P^t — {p— 1) (?^i — mipt) > (77-1 — mipt) {p{p — 1) + 1) then y is not smooth. 

4-3) pn2 -{p- l)ni = ni{p{p - 1) + 1). If pn2 - m2pH - (p- l)(ni - mipt) > (ni - 
mipt)(p(p—l)-|-l) which is equivalent to m2 < mip (resp. pn2—m2P^t—{p—l){ni—mipt) < 
(ni —mipt)(p{p—l) + l) which is equivalent to m2 > mip) then y is smooth and this cover 
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leads to a reduction on the boundaries of type {(ni, mi), {ni(p{p — 1) + l)/p, m2p — m\{p — 
1))} and {(ni - mipt, -mi), {{n2P - m2pH - (p- l)(ni -mipt))/p, -m2P + mi{p- 1))} 
(resp. {(ni,mi), {ni{p{p - 1) + l)/p,mi{p{p - 1) + 1))} and {{rii - mipt,-mi), {{rii - 
mipt){p{p - 1) + l)/p, -mi{p{p - 1) + 1))}). 

In fact one can describe cyclic covers of degree p"^ above formal germs of double points 
(in equal characteristic p) which are etale above the generic fibre and with genus 0. Namely 
they are all of the form given in the above examples 4.2.10. More precisely we have the 
following: 

4.2.11. Proposition. Let X be the formal germ of an R-curve at an ordinary double 
point X. Let f : y ^ X be a cyclic cover of degree p^ with reduced and local and 
with fx : yx etale. Let Xi for i = 1,2 be the boundaries of X. Let y be 

the closed point of y and assume that gy = 0. Then there exists an isomorphism X ~ 
SpfR[[S,T]]/{ST - 7r*p') such that the following holds: 
a) The cover f is generically given by the equation: 

(Xf,Xf)-(Xi,X2) = (l/T-S/(T)) 

where mi is a positive integer prime to p and f{T) G i?[[T]] [T"-*^] is such that its im- 
age fit) modulo TT equals J2i>-m2 with c-m-z 7^ 0, where m2 > is prime to p, 
which leads to a reduction on the boundaries of type {(0, —mi), (0, m2 := —pm2 + mi{p — 
1))} and {(tmip, mi), {pm2t — (p — l)mit,pm2 — mi{p — 1))} if m2 > mip and of type 
{(0, -mi), (0,m2 := -mi{p{p - 1) + 1))} and {(tmip, mi), {tmi{p{p - 1) + l),mi(p(p - 
1) + 1))} if m2 < mip. 

b ) The cover f is given generically by the equations: 

Xf -Xi = 1/T"^i 

and: 

-X2^ f{T)/nP-+p-' Yl (^^Xti-X,r->' 

k=l ^ ^ 

with f{T) e -R[[T]] [T~^] is such that its image / if) = ^j>^/ Cjt* modulo tt is not ap-power 
and n is a positive integer such that n — m,2pt > m,ipH. Here m,2 denotes the conductor 
of f{T). this cover leads to a reduction on the boundaries of type {(0, —mi), {n,pm,2 + 
mi{p — 1))} and {(mipt, mi), (n — m2pt — {p — l)mit, —pm2 — mi{p — 1))}. 
c) The cover f is given generically by the equations: 

Xf -7r"i(p-i)Xi = T^i 
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for some integer mi prime to p and: 

X^-X2 = /(T)/7r^'"2 + p-^ Yl r ]xf{-Xi)P-''/7T'''^P^P-''^+''^ 

k=i ^ ^ 

where f{T) = ^^^j ctiT'^ G i?[[T]][T~^] is not a p-power and where ni (resp. n2) is a 
positive integer such that ni — ptmi > (resp. 77-2 — ptm2 > 0). Here m,2 denotes the 
conductor of f2 and the following cases occur: 

c-1) pn2 — {p— > 'rii{p{p— 1) + 1) andpn2 — m2pH — {p — —mipt) > {rii — 
mipt){p{p—l) + l) (which necessarily implies thatmip > 1112), in which case this cover leads 
to a reduction on the boundaries of type {{ni, mi), {{n2P — ni{p — 1)) /p, m2P — mi{p — 1))} 
and {(ni — mipt, —mi), {{n2P — m2p^t — {p — i){ni — mipt))/p, —m2P + mi{p — 1))}. 

c-2) pn2 — (p — i)ni < ni{p{p — 1) + 1) and pn2 — m2p'^t — (p — l)(ni — mipt) < 
{ni—mipt){p{p — l) + l) (resp. pn2—m2P^t — {p — l){ni—mipt) = {ni—mipt){p{p — l) + l)) 
which necessarily implies that mip < m2 (resp. mip > m2). This cover leads to a 
reduction on the boundaries of type {(ni, mi), {ni{p{p— 1) + l)/p, mi{p{p— 1) + 1))} and 
{{ni - mipt, -mi), {{ni - mipt){p{p - 1) + l)/p, -mi{p{p - 1) + 1))}. 

c-3) pn2 — {p — l)?^i = ni{p{p — 1) + 1) and pn2 — m2p'^t — {p — l)(?7i — mipt) > 
{ni—mipt){p{p — l) + l), which is equivalent tom2 < mip, (resp. pn2 — m2p'^t — (p — l){ni — 
mipt) < (tt-i — mipt){p{p — 1) + 1) which is equivalent to m2 > mip). This cover leads to 
a reduction on the boundaries of type {{ni, mi), {ni(p{p — 1) + l)/p, m2P — mi{p — 1))} 
and {{ni -mipt, -mi), {{n2P - m2p'^t - (p- l)(ni -mipt))/p, -m2P + mi{p - 1))} (resp. 
{(ni,mi), {ni(p{p-l) + l)/p, mi(p{p-l) + l))} and {{ni-mipt, -mi), {{ni-mipt){p{p- 
l) + l)/p, -mi{p{p-l) + l))}). 

V. Semi-stable reduction of cyclic p-covers above formal germs of 
curves in equal characteristic p > 0. 

In all this paragraph we use the following notations: i? is a complete discrete valuation 
ring of equal characteristic p with residue field k which we assume to be algebraically 
closed and fraction field K •.= ¥rR. We denote by tt a uniformising parameter of R. 

5.1. Let X := Spec Ox, X be the formal germ of an i?-curve X at a closed point x and 
let / : 3^ — > A' be a Galois cover with group G such that y is normal and local. In this 
paper we are mainly concerned with the case where G is cyclic of order p or p^. It follows 
then easily from the theorem of semi-stable reduction for curves (cf. [De-Mu]), as well as 
the compactification process in 3.2, that after eventually a finite extension R' of R with 
fractions field K' the formal germ y has a semi-stable reduction. More precisely there 
exists a birational and proper morphism f : y ^ y' where y' is the normalisation of 
y Xr R' such that yx' — y'x' the following conditions hold: 
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(i) The special fibre yk '■= y XspecR' Spec A; of y is reduced. 

(ii) yk has only ordinary double points as singularities. 

Moreover there exists such a semi-stable model f ■ y y' which is minimal for 
the above properties. In particular the action of G on y' extends to an action on y. Let 
X be the quotient of by G which is a semi-stable model of X. One has the following 
commutative diagram: 



y 



f 



y 



X' 



One can moreover choose the semi-stable models y and X such that the set of points 
Bk' '■= {xi^K'}i<i<s consisting of the branch locus in the morphism : y'^, — > X^, 
specialise in smooth distincts points of XI. and one can choose such X and y which are 
minimal for these properties. The fibre g~^{x) of the closed point x in A" is a tree F of 
projective lines. This tree is canonically endowed with some ^^degeneration data" that we 
will exhibit below and in the next section, in the cases where G ^ Z/pZ and G ~ Z/p^Z, 
and which take into account the geometry of the special fibre yk of y. This will follow 
mainly from the results in II, III and IV. 

5.2. We will use the same notations as in 5.1. We assume that G ~ Z/pZ. We consider 
the case where X ^ Spf A is the formal germ of a semi-stable i?-curve at a smooth point 
X i.e. A ~ i?[[T]]. Let R' be a finite extension of R as in 5.1 and let n' be a uniformiser of 
R'. Below we exhibit the degeneration data associated to the semi-stable reduction of 

y. 

Deg.l. Let p :— (tt') be the ideal of A' := A i^ir R' generated by tt' and let A'^ be the 
completion of the localisation of A' at p. Let X^^ := Spf A'^ be the formal boundary of X' 
and let A"^ X' be the canonical morphism. Consider the following cartesian diagram: 



y'v 



y 



fv 



f 



x^ 



X' 



Then fr, y^ ^ X^ is a torsor under a commutative finite and flat i?'-group scheme 
•M.n,R' of rank p (cf. 2.5.1) for some integer n > 0. Let (n, m) be the degeneration type 
of the torsor (cf. 2.5.2) which is canonically associated to /. The arithmetic genus gy 
of the point y equals {r + m — l){p— l)/2 (cf. 3.3.1) where := r{p — 1) is the degree of 
the divisor of ramification in the morphism f'j^, : y'j^, — > X'j^, . 
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Deg.2. The fibre g~^{x) of the closed point x of X' in ^ is a tree F of projective hnes. Let 
Vert(r) := be the set of irreducible components of g~^{x) which are the vertices 

of the tree F. The tree T is canonically endowed with an origin vertex Xj^ which is the 
unique irreducible component of g~^{x) which meets the point x. We fix an orientation of 
the tree T starting from Xi^ in the direction of the ends. 

Deg.3. For each i e I let {xij}j£Si be the set of points of Xi in which specialise some 
point of Bk' {Si may be empty). Also let {zij}j£Di be the set of double points of Xk 
supported by Xj. In particular Xi^^j,^ := a; is a double point of X^. We denote by Bj, the 
set of all points [Ji^i{xij}j^Si^ which is the set of specialisation of the branch locus B^', 
and by the set of double points of X^. 

Deg.4. Let U := X—{BkUDk}. Let {Ui}iei be the set of connected components of W. The 
restriction fi :Vi ^ Ui of /' to Ui is a torsor under a commutative finite and fiat i?'-group 
scheme M-m^w of rankp for some integer > (cf. 2.2.1) and fi^k '■ ^i,k i^i,k '■= UiXR'k 
is a torsor under the A;-group scheme M.rn,R' Xr' k which is either etale isomorphic to 
{Z/pZ)k or radicial isomorphic to {ap)k- Further when we move in the graph F (following 
the above fixed orientation) from a fixed vertex Xi in the direction of a vertex Xi' such 
that rii' = then the corresponding integers rii decrease strictly as follows from 3.3.10. 

Deg.5. Each smooth point Xij e Bk is endowed via / with a degeneration data on 
the boundary of the formal fibre at X'i^jtj cts in Deg.l above, and which satisfy certain 
compatibility conditions. More precisely for each point Xi^j we have the reduction type 
{rii^j := ni,mij) on the boundary of the formal fibre at this point induced by g and such 
that Tij = —rriij + 1 where Vij (p—l) is the contribution to dr^ of the point which specialise 
into Xij. In particular rriij < —1 since Vij ^ 0. 

Deg.6. Each double point Zij = Zi'j/ E Xi f] Xj/ of X with origin vertex Xi and 
terminal vertex Xi' is endowed with degeneration data {uij := ni,mij) and {rii'j' := 
ni'jTni'j') induced by g on the two boundaries of the formal fibre at this point and we 
have rriij + rrii'j' = (cf. 3.3.7). Let Cij be the thikness of the double point Zij. Then 
Cij = ptij is necessarily divisible by p and we have rii — "nv = tijrriij as follows from 
3.3.10. 

Deg.7. It follows after easy calculation that: 

9y - E + E + 1) + E + - 

where /et is the subset of / consisting of those i for which the torsor /j is etale (i.e. rij = 0). 

5.2.1. Example. In the following we give an example where one can exhibit the 
degeneration data associated to a Galois cover / : 3^ — > A" of degree p where X ~ Spf 
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is the formal germ of a smooth point. More precisely for m > an integer such that 
both m and m + 1 are prime to p consider the cover given generically by the equation 
— X = (T~'^ + ttT""*"-*^). Here r = m + 2 and this cover has a reduction of type 
(0, —m) on the boundary. In particular the arithmetic genus Qy of the closed point y oiy 
equals (p — l)/2. The degeneration data associated to the above cover consists necessarily 
of a tree with only one vertex and no edges i.e. a unique projective line Xi with a marked 
point xi and an etale torsor /i : Vi — > Ui :— Xi — {xi} above Ui with conductor 2 at the 
point xi. 

The above considerations lead naturally to the following abstract geometric and com- 
binatorial definition of degeneration data. 

5.2.2. Definition. A simple degeneration data Deg(x) of type (r, (n, m)) and rank 
p consists of the following data: 

Deg.l. Gk is a commutative finite and fiat A;-group scheme of rank p which is either etale 
if n = 0, or radicial of type ctp otherwise, r > is an integer, and m is an integer prime to 
p such that r + m — 1 > 0. 

Deg.2. F :— Xk is an oriented tree of projective lines over k with vertices Vert(r) := 
{Xi}if^j which is endowed with an origin vertex X^^ and a marked point x := on 
XiQ. We denote by {zij}jeDi the set of double points or (non oriented) edges of F which 
are supported by Xi. We further assume that the orientation of F is in the direction going 
form towards its ends. 

Deg.3. For each vertex X^ of F is given a set (may be empty) of smooth marked points 

Deg.4. For each i e I is given a torsor fi : Vi ^ Ui := X^ - {{xij}jeSi U {zij}jeDi} 
under a commutative finite and fiat fc-group scheme Gk,i of rank p, which is either etale or 
radicial of type ctp, with Vi smooth. Moreover for each z e / is given an integer rii which 
equals if fi is etale and is positive otherwise. 

Deg.5. For each i E I and j G Si are given integers niij where niij is the conductor 
of the torsor fi at the point Xij (cf. [S] 1.5) with rrii^jQ — —m. We assume further that 

niij < —1 if Hi > 0. 

Deg.6. For each double point Zij = Zi'j> e Xi flXj/ is given an integer rriij (resp. mi'j>) 
prime to p where rriij (resp. rrii'j') is the conductor of the torsor fi (resp. fi') at the 
point Zij (resp. Zi'j') (cf. [S] 1.3 and 1.5). These data must satisfy niij -\- rrii' ^ji = 0. 

Deg.7. For each double point Zij = Zi'j/ e fl X^/ of F with origin vertex Xj is given 
an integer Cij = pUj divisible by p such that with the same notations as above we have 



43 



ni — rii' = rriijtij. Moreover associated to x is an integer e = pt such that n — rii^ = mt. 

Deg.8. Let /et be the subset of / consisting of those i for which Gk,i is etale. Then the 
following equality should hold: (r + m — — l)/2 = X^ie/ot^"^ '^jesS'^^d + 1) + 
^jeDi(.''^hj + ~ The integer g :— (r + m — l)(p — l)/2 is called the genus of 

the degeneration data Deg(x). 

There is a natural notion of isomorphism of simple degeneration data of a given type 
and rank p. We will denote by Degp the set of isomorphism classes of simple degeneration 
data of rank p. The discussion in 5.2 can be reinterpreted as follows: 

5.2.3. Proposition. Let X he the germ of a formal R-curve at a smooth point x 
and let f : y ^ X be a cyclic p-cover with y normal and local. Then one can associate 
to f canonically a simple degeneration data Deg(a;) e Degp which describes the semi- 
stable reduction of y. In other words there exists a canonical "specialisation" map Sp : 
H^^.{Spec L, Z/pZ) — > Degp where L is the function field of the geometric fibre of X. 

Reciprocally we have the following result of realisation for degeneration data for such 
covers: 

5.2.4. Theorem. The above specialisation map Sp : Hl^^{SpecL,Z/pZ) Degp 
defined in 5.2.3 is surjective. 

Proof. Consider a degeneration data Deg(a;) e Degp. We have to show that Deg(a;) 
is associated to some cyclic p-cover above the formal germ of a smooth i?-curve after 
eventually enlarging R. We assume that the degeneration data is of type (r, (n, m)). We 
treat only the case n = 0, the case where n > is treated in a similar way. The proof 
is done by induction on the length of the tree F of Deg(a;). Assume first that the tree F 
has minimal length and consists of one irreducible component X = with one marked 
(double) point x and r smooth distinct marked points {xi}^^i. Let U := X — {x,Xi}i and 
let f : V ^ U he the torsor given by the data Deg .4 which is necessarily an Op-torsor 
by 3.3.8 1) (i.e. the integer rii := n' associated to the vertex X in Deg .4 is non zero). 
First for each i G {l,...,r} consider the formal germ Xi := Spf R[[Ti\] and the cyclic p- 
cover fi : yi ^ Xi given by the equation — Yi = where rtii is the "conductor" 
associated to the point Xi in Deg .5 and n' is the positive integer associated to / in Deg .4. 
Let A' be a formal projective i2-line with special fibre X. Let X' := X — {x} and let X' 
(resp U) be the formal fibre of X' (resp. oiU) m. X. The torsor / is given by an equation 
fP = u where tt is a regular function on U . Let tt be a regular function on lA which lifts 
u. Then the cover f : V ^ U given by the equation Y^ — tt'^'^p-'^^Y = tt is a torsor under 
the i?-group scheme M.n which lifts the ctp-torsor /. By construction the torsor / has a 
reduction on the formal boundary at each point Xi of type {n',mi) which coincides with 
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the degeneration type of the cover fi above the boundary of A'j. The technique of formal 
patching (cf. [S-1], 1) allows then one to construct a p-cyclic cover /' : iV' — > X' which 
restricted to U is isomorphic to /' and restricted to Xi, for each i e {i, r}, is isomorphic 
to fi (cf. loc. cit.). Let Xi ^ X he the blow up of X at the point x and let Xi be the 
exeptional fibre in Xi which meets X at the double point x. Let e = pt he the integer 
associated to the marked double point x via Deg .7. After enlarging R we can assume 
that the double point x of Xi has thikness e. We have —n' = mt by assumption. Let 
X{ be the formal fibre of X[ := Xi - {x} in Xi. Let fi : y[ ^ X[ be the etale Z/pZ- 
torsor given by the equation Y'"^ — Y' = where /i is a "parameter" on X[. Further let 
Xi^j; ~ Spf R[[S^ T]]/[ST — TT^*) be the formal germ of Xi at the double point x. Consider 
the cover /i,^ : 3^i,y ^ A'l,^ given by the equation yp -Y = S"^ = T^P^mj^-m^ r^,^^^ 
the formal germ of a double point of thikness t (cf. 3.3.9. a). Moreover the cover f[ (resp. 
/') has the same degeneration type (by construction) on the boundary corresponding to the 
double point x as the degeneration type of the cover /i above the formal boundary with 
parameter T (resp. above the formal boundary with parameter S). A second application 
of the formal patching techniques allows one to construct a p-cyclic cover /i : — > Xi 
which restricted to X' (resp. X[ and Xi^r^) is isomorphic to /' (resp. to f[ and fx). Let X 
be the i?-curve obtained by contracting the irreducible component X in Xi. We denote the 
image of the double point x in X simply by x. The cover /i : D^i Xi induces canonically 
a p-cyclic cover f : y ^ X above X. Let X^ R[[T]] be the formal germ of X at the 
smooth point x. Then / induces canonically a p-cyclic cover fx '■ yy ^ X^ where y is the 
closed point of y above x. Now it is easy to see that the degeneration data associated to 
fx via 5.2.3 is isomorphic to the degeneration data Deg(x) we started with. Finally the 
proof in the general case is very similar and is left to the reader. The only modification in 
the proof above is that one has to considers p-cyclic covers /i : X — Xi above the formal 
germs Xi :— Spf -R[[7i]] which one obtains by induction hypothesis as realisation of the 
degeneration data, induced by Deg (a;), on the subtrees Fj of F which starts from the edge 
Xi in the direction of the ends and which clearly has length smaller than the length of F. 

5.2.5. Remarks. 

1. One can also define in the same way as in 5.2.2 and using the results of II, III, and IV, 
the set of isomorphism classes of "double" degeneration data associated to the minimal 
semi-stable model of p-cyclic covers f : y ^ X above the formal germ of a double point. 
Moreover one can prove, in a similar way as in 5.2.4, a result of realisation for such a 
degeneration data. 

2. In [M] Maugeais proved (in equal characteristic p > 0) in theorem 5.4 a global result of 
lifting for finite "admissible" covers of degree p between semi-stable curves. The methods 
used in the proof of 5.2.4 are essentially the same as he uses but more direct in the sens 
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that the lemmas 4.2, 4.4, and corollary 4.3 he uses are avoided and we use instead our 
results 3.3.3 and 3.3.8 which are a direct consequence of the computation of vanishing 
cycles. 

3. It is easy to construct examples of p-cyclic covers f : y ^ X above the forml germ of a 
smooth point X where the special fibre is singular and unibranche at the closed point y 
of y and such that the configuration of the special fibre of a semi-stable model J' of 3^ is not 
a tree- like. More precisely consider the simple degeneration data Deg(a;) of type (n, m), 
with n > 0, m > 0, and n = mt, which consists of a graph T with two vertices Xi and X2 
linked by a unique edge x with given marked points a; = a;i on Xi and X2 on X2. Further 
Xi is the original component of F. As part of the data are given etale torsors of rank p: 
/i : Vi — > Ui := Xi — {xi} with conductor m at x = xi and /2 : V2 — > C/2 := X2 — {X2} 
with conductor m' at X2- Also is given the thikness e = pt at the "double" point x with 
n = tm. Then it follows from 5.2.4 that there exists after eventually a finite extension of 
R a Galois cover f : y ^ X of degree p above the formal germ X ^ Spf i?[[T]] at the 
smooth i?-point x such that the simple degeneration data associated to the above cover 
/ is the above given one. Moreover by construction the singularity of the closed point y 
of y is unibranche and the configuration of the semi-stable reduction of 3^ consists of two 
projective curves which meet at p-double points (the above cover will be etale in reduction 
above the double point y). In particular one has p — 1 cycles in this configuration. 

VI. Semi-stable reduction of cyclic p^-covers above formal germs of 
curves in equal characteristic p>0. 

6.1. In all this paragraph we use the same notations as in V. 

6.2. Let X := SpfOx,x be the formal germ of an i?-curve X at a closed point x and 
let / : 3^ — > A" be a Galois cover with group G such that y is normal and local. We 
assume that G ~ Z/p^Z is cyclic of order p^ and we use the same notations as in 5.1 for 
the minimal semi-stable model y of y. We consider the case where X ~ Spf is the 
formal germ of a semi-stable i?-curve at a smooth point x. Let R' be a finite extension of 
R as in 5.1 and let n' be a uniformiser of R'. Below we exhibit the degeneration data 
associated to the semi-stable reduction of y and which are consequences of the results in 
II, III, and IV. In all what follows, and in order to make the statements of our results 
simpler, we make the following assumption (**): the special fibre of y is irreducible and 
for each irreducible component Xi of the special fibre X the fibre g~^{Xi) of Xi in y is 
irreducible. 

Deg.l. Let p := (tt') be the ideal of A' := A i^ji R' generated by tt' and let A'^ be the 
completion of the localisation of A' at p. Let X' := Spf A' be the boundary of X' and let 
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X' be the canonical morphism. Consider the following cartesian diagram: 



y 




V 



y 



Then f-q '■ y^j ^ is a finite cyclic cover of degree p^. Let mi), (n2, m2)} 

be the degeneration type of the cover / (cf. 2.6.2) which is canonically associated to / 
and which is an admissible pair by 2.6.4. The arithmetic genus Qy of the point y equals 
(r +pmi + 1712 — P — l)(p — l)/2 (cf. 4.2.1) where dr, := r{p — 1) is the degree of the divisor 
of ramification in the morphism f'j^, : y'j^, — > X^, . 

Deg.2. The fibre g~^{x) of the closed point x of X' in ^ is a tree F of projective lines. Let 
Vert(r) := {Xi}i^i be the set of irreducible components of g~^{x) which are the vertices 
of the tree F. The tree F is canonically endowed with an origin vertex Xi^ which is the 
unique irreducible component of g~^{x) which meets the point x. We fix an orientation of 
the tree F starting from Xi^ towards its ends. 

Deg.3. For each i e I let {xij}j£Si be the set of points of Xi in which specialise some 
point of Bk' {Si may be empty). Also let {zij}j£Di be the set of double points of Xf. 
supported by Xi. In particular Xi^j^ := a; is a double point of Xf.. We denote by Bj. the 
set of all points Ui(^i{xij}j^Si, which is the set of specialisation of the branch locus Bk', 
and by Dj^ the set of double points of X^. 

Deg.4. Let U := X — {Bk U -Dfe}- Let {Uiji^i be the set of connected components of U. 
The restriction fi :Vi ^ Ui of /' to Ui is a finite cyclic cover of degree which factorises 

f ' 1 f'l 

canonically as V[ Ui where fi^2 (resp. fi^i) is a torsor under the i2-group 

scheme M-m^ (resp. a torsor under the i?-group scheme M-m^)- Moreover to the cover fi 
is canonically associated a degeneration data T>i of type A, B, or C and which describes 
the special fibre fi^k '■ ^i,k Ui^k '■= Ui Xji> k of fi (cf. 2.4.8). The pair (77-4^,77-^2) satisfies 
Ui, >7ii,(p(p-l) + l) by 2.4.3. 

Deg.5. Each smooth point Xij £ B^ is endowed via / with a degeneration data on 
the boundary of the formal fibre at Dcg.l above, and which satisfy certain 

compatibility conditions. More precisely for each point Xij we have the reduction type 
{('^iiJi '■— '"'ii ) (^«2,i2 •= '"'i2)™i2,i2)} ^n the boundary of the formal fibre at this 

point induced by g, which is an admissible pair satisfying the condition (*) in 4.2.5, and 
such that Tij = —prrii^^j^ — rrii^j^ + p + l where rij{p — 1) is the contribution to of the 
point which specialise into Xij. 
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Deg.6. Each double point Zij = Zi'ji e flXj/ of F with origin vertex Xi and terminal 
vertex Xj/ is endowed with degeneration data {(nj^jj := ni^jmi^j^), (rii^j^ := ni^jirii^j^)} 
and {{ni'^j'^ := ni'^,mi'^j'^), ('T-i^j^ := ni'^,mi'^j'^)} induced by g on the two boundaries of 
the formal fibre at this point. These pairs are admissible. Moreover we have rrii^^j^ + 
rrii'^j'^ = and rui^j^ + rrii'^j'^ = (cf. 4.2.9). Let e^^ be the thikness of the double point 
Zij. Then Cij = p^tij is necessarily divisible by and we have — Ui'^ = pUjirii^j^ 
and rijj — n^^ = tijuii^j^ as follows from 3.3.10. 

Deg.7. It follows after easy calculation that: 

9y = Eie/(-2 + J2jeSiidi,j) + EjeDi(^ij))(f' - l)/2 where / denote the subset of / 
consisting of those i for which the cover fi has a reduction of type (etale, etale) or (etale, 
radicial) (cf. 2.4.8). Here dij = {rrii^ + 1) +p{pmi^ + 1) if prrii^ > rrii^ and djj = (mj^ + 
1) -\-p{rni^ + 1) otherwise in the case of (etale, etale) reduction type (resp. di^j = {rrii^ + 1) 
in the case of (etale, radicial) reduction type). 

The above considerations lead naturally to the following abstract geometric and com- 
binatorial definition of degeneration data. 

6.2.1. Definition. A simple irreducible degeneration data Deg(x) of type 
(r, {(ni, mi), (n2, "^2)}) and rank p^ consists of the following data: 

Deg.l. The pair (ni,n2) satisfies 77-2 > ni{p{p — 1) + l)/p, r > is an integer, and mi 
(resp. m2) is an integer prime to p such that r + pmi + m2 —p—1 > 0. We further assume 
that the pair {(ni,mi), (n2,m2)} is admissible (cf. 2.6.4). 

Deg.2. r := Xk is an oriented tree of projective lines over k with vertices Vert(r) := 
{Xi}ifzi which is endowed with an origin vertex X^^, and a marked point x := Xi^j^ on 
Xi^. We denote by {zij}jeDi the set of double points or (non oriented) edges of F which 
are supported by Xi. Further for each vertex Xj of F is given a set (may be empty) of 
smooth marked points {xij}jeSi- We further assume that the orientation of F is in the 
direction going form Xj^ towards its ends. 

Deg.3. For each i G / is given a degeneration data Vi of type A, B, or C as in 2.4.8 

associated to Ui := Xi — {{xij}j^s^ U {zij}j^Di} which is of type (etale, etale), (etale, 
radicial), or (radicial, radicial) respectively. Moreover for each z G / is given a pair of 
integers {rii^.ni^) which equals (0,0) and (0,71^2) in the cases A and B respectively and 
which satisfies the inequality rii^ > ni-^{p{p — 1) + l)/p- 

Deg.3'. To the degeneration data T>i above and the pair of integers {rii^ , rii^) is associated 

a finite cover fi'.Vi^ Ui of degeree p'^ which factorises as Vi Vi^i Ui where 

fi^2 and fi^i have the structure of a torsor under a finite and flat group scheme of rank 
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p. In the case where T>i is of type A or B then fi is simply the corresponding torsor. If 
Vi is of type C given by a pair {ui,U2) of regular functions on Ui, defined up to addition 
of {vi,V2), and a tuple (ci, Cp_i) of regular functions on Ui. Then the cover fi is 
defined by the equations: = ui and t2 — U2 — (^ti — 2c^ti~^^ — ... — {p — l)cp-it^^^ '^^^^ if 
ni, >n,,(p(p-l) + l)/p(resp. = iZ2-c?ti-2c^t?+^-...-(p-l)cp_itf 
if rii^ = rii^ {p{p - 1) + l)/p). 

Deg.4. For each i & I and j e Si are given integers (Trii^j^jmi^j^) such that rrii^j^ (resp. 
rrii^j^) is the conductor of the torsor /j^i (resp. the torsor /j^2) above in Deg3' at the point 
Xij (resp. the point of above Xij). we assume that the pair {{rii^, rrii^j^), (ui^, rrii^j^)} 
satisfies the condition (*) in 4.2.5. Moreover we assume that ("7,ioj,jo^, m^oj j^^) 
= (-mi, -777,2). 

Deg.5. For each double point Zij = Zi'j' G Xj fl Xj/ is given a pair of integers 
(?77ii,ji, 777^2,72) (resp. prime to p such that ?77ii andm^jja are the conduc- 

tors of the torsor fi^i (resp. the torsor /j 2) above at the point Zi^j (resp. TUi'^j'^ and ?77j^ j/ 
are the conductors of the torsor /j/^i (resp. the torsor above at the point Zij). We 
assume further that the pair {{ni^,mi^j^), {ni^,mi^j^)} (resp.{(?7i;, mj'^^jj), (n^^, j^)}) 
is admissible. These data must satisfy rrii^j^ + rrii'^^j'^ = rrii^j^ + TUi'^j'^ = 0. 

Deg.6. For each double point Zij = Zi'j' e Xj fl Xj/ of F with origin vertex Xj is given 
an integer eij = p^tij divisible by p^ such that with the same notations as above we have 

'^ii ~ — Pti,j1T^ii,ji ^nd Ui^ — Ui'^ = tijUli^j^. 

Deg.7. Let / denote the subset of I consisting of those i for which the degeneration data 
Vi fi is of type (etale, etale) or (etale, radicial). Then the following equality should hold: 

^r + pm^+m2-p~l)ip-l)/2 = Z^eIJ-^ + ^JesSd^,J) + J:JeDSd^,MP-'^)/'^ where 
dij — {rrii^ + 1) +p{pmi-^ + 1) if pm^^ > rrii^ and dij — (jrii^ + 1) +p{mi^ + 1) otherwise in 

the case of (etale, etale) type (resp. dij = {mii^ + 1) in the case of (etale, radicial) type). 

We further make the following important assumption as part of the degeneration data: 

Deg.8. For each z e / let Ui be as in Deg .3 and let Ui be a formal affine i?-scheme with 
special fibre U^. We assume that for each z e / there exists a lifting of the degeneration 
data Vi as in 2.4.9 to a p^-cyclic cover fi : Vi Ui, which is an etale torsor above 
the generic fibre of Ui, such that the following "compatibility" condition holds: for each 
double point z := Zij = Zi'j' G X^ fl Xj/ the restriction of fi (resp. restriction of fi') 
to the boundary — Spf -R[[T]]{T~^} corresponding to the double point z (resp. the 
boundary A'^^j/ ~ Spf corresponding to the point z) are Galois isomorphic. 

There is a natural notion of isomorphism of simple irreducible degeneration data of a 
given type and rank p'^. We will denote by Degp2 the set of isomorphism classes of simple 
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irreducible degeneration data of rank p^. The discussion in 6.2 can be reinterpreted as 
follows: 

6.2.2. Proposition. Let X he the germ of a formal R-curve at a smooth point x and 
let f : y ^ X be a cyclic -cover with y normal and local. We assume that the condition 
(**) in 6.2 holds. Then one can associate to f canonically a simple irreducible degeneration 
data Deg{x) e Degp2. In other words there exists a canonical "specialisation" map Sp : 
iyg^.(SpecL,Z/p^Z)"^ — > Degp2 where L is the function field of the geometric fibre of X 
and Hl^{Spec L,Z/p'^Zy^ is the subset of /^^^.(SpecL, Z/p^Z) consisting of those covers 
satisfying the condition (**). 

Reciprocally we have the following result of realisation for degeneration data for such 
covers: 

6.2.3. Theorem. The above specialisation map Sp : H^^{Spec L,Z/p'^Zf'' Degp2 
defined in 6.2.2 is surjective. 

Proof. Consider a simple irreducible degeneration data Deg(a;) G Degp2. We have to 
show that Deg(a:;) is associated to some cyclic p^-cover above the formal germ of a smooth 
i?-curve after eventually enlarging R. We assume that the degeneration data is of type 
(r, {(n'l, mi), (77-2, m2)}). We treat only the case where n[ = n2 = 0. The remaining 
cases are treated in a similar way. As in the proof of 5.2.4 we proceed by induction on 
the length of the tree F of Deg(a;). Assume first that the tree F has minimal length and 
consists of one irreducible component X = with one marked (double) point x = 
and r smooth marked points {xi}l^^. Let A" be a formal projective i?-line with special 
fibre X. Let X' := X — {x} and U := X — {x,Xi}i. Further let X' (resp 14) be the 
formal fibre of X' (rcsp. of U) in X. Let T> be the degeneration data given by Deg .3. 
This data is necessarily of type C (i.e (radicial, radicial)), since n'l = = 0, hence is 
given by an element of Hj^^^{U, Hk) © r([/, OxkY~^ where Hk is the finite commutative 
group scheme extension of ctp by ctp defined in 2.3.1. The degeneration data V is thus 
given by a pair of functions (^1,^2) on U, defined up to addition of {v\,V2), and a tuple 
(ci, Cp-i) of regular functions on U . Also let (ni, 712) be the pair of integers associated 
to the vertex X via Deg .3 and which satisfy 77.2 > ni{p{p — 1) + l)/p- We assume for 
simplicity that ni = phi and that n2 = hi(p{p — 1) + 1). By 2.4.9 there exists a p^-cyclic 
cover f':V^U which gives rise to the degeneration data V by 2.4.8. For example we 
can choose the cover /' to be generically given by the equations: {Tl.,T2) — (Ti,T2) = 
(■uiTT""^^, /(tti)7r~^ "■^ + U2'7T~^ ni+n(p-i)-j where til (resp. U2) is a regular function on U 
which lifts ui (resp. U2) and f{ui) = c^ui + (^u\ + ... + Cp-iu\~^ where q is a regular 
function on lA which lifts Cj. 

For each z e {1, r} let A;' ~ R[\Ti\\{T~'^} be the formal boundary of U at the 
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point Xi- The cover /' induces canonically a cover : — > A"/ which by construction 
has a reduction of type {(ni,mj^i), (^2, 777,^^2)}:= the admissible pair satisfying (*) which 
is associated to the point Xi via Deg .4. Note that we are necessarily in the case c-3) of 
2.6.1 and the cover fi is generically given by the equations: 

and: 

- X2 = /(to/tt^^^^ E i^^xl\-x,Y-^ 

k=l ^ ^ 

where /(Tj) = ^jei^j'^i ^ ^ p-power modulo n. Let 1712 be the 

conductor of / then mi^2 = inf(?ni^i(p(p— 1) + 1), m2p — mi^i(p— 1)) (of. loc. cit.). Further 
we can assume after some transformation which eliminate the p-powers that /(T^) = 
'Y2j>m2 '^j'^i ■ '^i — ^[[^i]] the formal open disc with parameter Tj and consider the 
p^-cyclic cover fi'.yi^ Xi which is generically given by the equations: 

XP-Xi=Tl^'''/7r^^P 

and: 

xf - X2 = +p-' E (^)xf (-xi)^-'^ 

k=l ^ ^ 

Then yi is smooth (cf. 4.2.3 4)). Now by construction the covers fi and /' coincide 
when restricted to the formal fibre A"/. The technique of formal patching (cf. [S-1], 1) allows 
then one to construct a p^-cyclic cover f : y' ^ X' which restricted to U is isomorphic to 
/' and restricted to Xi, for each i e {i, ...,r}, is isomorphic to fi (cf. loc. cit.). 

Let Xig ~ Spf -RffTjllT"-*^} be the formal boundary of ZY at the point x = Xi^. Then 
the cover / induces canonically a p^-cyclic cover fi^ : J^j^ Xi q which by construction has 
a reduction of type {ijii, —mi = rrii^ ^^j^ J, (n2, — TO2 '■= i^io 2,30 2)}-=the pair associated 
to the point Xi^ via Deg .4. Note that mi and m2 must be negative since we assumed that 
ni = n2 = 0. Moreover because — ni = mipt and — 72-2 = by Deg .6 and because we 
assumed n2 = ni{p{p — 1) + 1) we see that necessarily 1712 — mi{p{p — 1) + 1). The cover 
/io is then generically given by 2.6.1 c) by equations: 

Xf - Xi = T-^i /tt^ip 



and: 



X'2 



X2 = f{T)/nP-'^ +p-' J2 (^^Xf{-X,r-'^ 

k=i ^ ^ 
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where /(T) = EjejOj^^' ^ R[[T]]{T-^} has conductor m'^ and the following holds: 
either — ni(p — 1) < ni(p{p — 1) + 1) or pn'^ — ni(p — 1) = ni{p(p — 1) + 1) and 
"7,2 ^ mip. Moreover we can assume after some transformation which eliminate the p- 
powers that /(T) = X]7>m' '^i^"' - ^et Xi ^ X he the blow up of X at the point x and let 
Xi be the exeptional fibre in Xi which meets X at the double point x — Xi^. Let e — p^t 
be the integer associated to the marked double point x via Deg .6. After enlarging R we 
can assume that the double point x of Xi has thikness e. Let X[ ~ Spf R < > be the 
formal fibre of X[ :— Xi — {x} in Xi. Let fi'-y'i^ X[ be the etale Z/p^Z-torsor given 
by the equation: 

and 

p-1 



XI - X2 = (^)^f (-^i)^- 

fc=i ^ ^ 



where = /(7rf'*5-i)/7rP"2 e i? < ^-i >. 

Further let A":,^ ~ Spf T]]/(5T - tt^'*) be the formal germ of X^ at the double 
point x. Consider the cover fi^^ : ^ — > given by the equation: 



and: 



hen J'l^y is the formal germ of a double point of thikness t (cf. 4.2.8). Moreover the cover 
fi^x restricted to the boundary Spf is given by the equations: 

Xf - Xi = 

and 



xf - X2 = h'{S)+p-' 5] (l)^i'^-^ 



p—k 



In particular the cover /{ (resp. /') has the same degeneration type, by construction, 
on the boundary corresponding to the double point x as the degeneration type of the 
cover /l a; above the formal boundary with parameter T (resp. above the formal boundary 
with parameter S). A second application of the formal patching techniques allows one to 
construct a p^-cyclic cover /i : iVi ^ Xi which restricted to X' (resp. Xl and Xi^x) is 
isomorphic to /' (resp. to /{ and fx)- Let X be the i?-curve obtained by contracting the 
irreducible component X in . We denote the image of the double point a; in ^ simply by 
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X. The cover /i : iVi — > induces canonically a p^-cyclic cover f : y ^ X above X. Let 
~ -Rffr]] be the formal germ of X at the smooth point x. Then / induces canonically 
a p^-cyclic cover fx'-yy^ X^ where y is the closed point of y above x. Now it is easy to 
see that the degeneration data associated to fx via 6.2.2 is isomorphic to the degeneration 
data Deg(a:) we started with. Now the proof in the general case is very similar and is left to 
the reader. The only modification is that one has to consider p^-cyclic covers : X ^ Xi 
above the formal germs Xi := Spf i?[[Ti]] which one obtains by induction hypothesis as 
realisation of the degeneration data, induced by Deg(a:), on the subtrees Vi of V which 
starts from the edge Xi going to the ends and which have clearly length strictly less than 
the length of V. For this one still has to use the data in Deg .8 to insure that there exists 
a lifting /' as above of the degeneration data V above U which restricted to the formal 
boundary corresponding to the point xi is Galois isomorphic to the restriction of fi to the 
formal boundary ^^i R[[Ti]]{T-^} . 

6.2.4. Remarks. 

1. The data Deg .8 in 6.2.1 seems necessary for the proof of 6.2.3. Indeed given two p^- 
cyclic covers above the two boundaries of the formal germ X of an i?-curve at a double 
point with "compatible" degeneration type as in 4.2.11 it is not always possible to find a 
p^-cyclic cover f : y ^ X where y is the forml germ of a double point and / is etalc above 
Xk and which restricts to the above given covers above the boundaries. Note that this is 
possible for p-cyclic covers. 

2. Using the same techniques as in 6.2.3 it is possible to prove global results of lifting 
for finite covers between proper and semi-stable A;-curves of degree to a p^-cyclic cover 
between i?'-curve over some finite extension R' of R. 
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